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Abstract

The article suggests a formal model of a two-tier voting procedure,
which unlike traditional voting systems does not presuppose that ev-
ery vote counts the same. In deciding a particular issue voters are
called in the first round to assign categories of their fellow-citizens
with differential voting power (or weights) according to the special
position or concern individuals are perceived as having with regard to
that issue. In the second stage, voters vote on the issue itself accord-
ing to their substantive view and their votes are counted in the light
of the differential weights assigned in the first round. We analyze the

formal and the philosophical reasons that support the model.
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Voting is one among many procedures of making social choices. Like some
alternative procedures, such as the market, voting faces the problem of the
translation of individual preferences into social policies. There are numerous
issues involved in voting, e.g. articulating the issue to be decided, counting
the votes and interpreting the election results. But behind all the attempts
to design voting procedures lies the overall aim of representing individual
preferences as loyally as possible. In this article we propose a new way
in which voting can be transformed into a more sophisticated procedure,
which would make the resulting social choice more sensitive to and hence
more representative of the individuals’ preferences. Unlike other methods
of social choice, such as the appeal to authoritarian decision by a dictator,
to a committee of specialists, or to the use of lottery, voting takes seriously
the preferences of individuals as they see it, and hence is committed to some
form of equality. Our proposal follows this fundamental egalitarian principle
but gives it a more complex interpretation.

Voting is a procedure that is applied to issues that call for collective ac-
tion. Its principal attraction lies in its being a decision-making procedure
through which the integrity of a group can be maintained despite disagree-
ment among its members about the correct or desirable way in which sub-
stantive issues should be settled. And unlike other procedures of collective
choice, like lottery, compromise or the exercise of sheer power, majority vote
is not arbitrary, ad hoc or oppressive. In its logical structure, voting cannot
be fully reflexive, i.e. its procedural conditions as well as the formulation of
the issue to be decided must be antecedently given rather than put to a vote.

However, some, even if not all of its rules, may be decided by voting.



In this article we suggest a model for such a partially reflexive application
of voting, which offers a way of fine-tuning traditional majoritarian proce-
dures. We are particularly concerned with the failure of traditional voting
methods to pay tribute to the differential weight people often believe should

! 'We therefore suggest the following formal

be assigned to different voters.
model. Members of society are asked to rank possible subsets of society,
where A =/ B means that person o prefers the subset A of individuals
over the subset B to decide issue j for society. Under some assumptions we
conclude that these preferences can be represented by a function V in the
following way. Each member of society is a assigned a certain weight, and
V(A) is obtained by taking the sum of these weights over all members of the
set A (see Theorem 1 in section 2). Although (assuming that all weights are
non-negative) the best subset would be the whole of society, we argue that
the interpretation of the model in terms of the relative weight of different
categories of people can still be maintained by assigning individuals different
voting powers that are proportional to the weights obtained in Theorem 1.
Next we deal with social aggregation of individual preferences. In sec-
tion 3 we offer axioms implying that society will assign each individual mem-
ber the average weight individual members of society think he should be
awarded regarding this issue. Society then decides the issue itself on the
basis of the votes cast in the second stage and counted in the light of the

outcome of the first vote.

In section 4 we analyze the case where the weights one person wishes to

!Since our model permits zero weights, it relates also to the question of the scope of

the voting group, that is, who should take part in the vote.



assign to members of society in one issue depend on the weights assigned
to them in other issues. A simple continuity axiom implies the existence
of a multi-issue system of weights. In section 5 we discuss some possible
objections to the model, and in section 6 we offer some remarks on the

literature. All proofs appear in the Appendix.

1 The Two-Tier Voting Model

To be able to obtain a social welfare function, Harsanyi [7] extended the set
of possible social policies by introducing lotteries over these policies. Alloca-
tions of medical treatment or of army duty fit into this framework, but so do
allocations of divisible goods. Individuals and society have preferences over
these lotteries and a Pareto axiom links the selfish and the social preferences:
If all individuals prefer one social lottery to another, then so does society.
Assuming that all preferences over uncertain outcomes satisty the axioms
of expected utility theory, Harsanyi proved that social preferences can be
represented by a weighted sum of individual vN&M utilities.

An alternative way in which individual preferences can be aggregated is
by using quasi linear utilities. It is well known that if all individuals have a
utility of the form m + u(x) (where x is the public good and m is money),
then the efficient quantity of the public good is obtained at the point where
S ul(x) = d(x), where ¢ is the cost function.

There are situations in which both methods seem unsuitable. Consider
issues like a: abortion rights, b: freedom of expression, and ¢: ban on male

circumcision. Suppose a person supports all three (that is, he is in favor



abortion rights and freedom of expression, but opposes male circumcision),
and in that order. It is not clear how he can answer the question: What p
makes you indifferent between “(a, not b, not ¢) with probability p and (not

? It is also not

a, not b,c¢) with probability 1 — p” and “(not «a, b, not c).
clear that individuals would be willing to compromise their convictions for
money. In other words, both standard cardinalizations of preferences cannot
be applied here.

The present model compares individual attitudes towards controversial
issues not only by the intensity of individual preferences (as is the case in
utilitarianism and quasi linear functions) but also by the average weight
members of society are willing to give to each other’s preferences. These
weights may reflect people’s willingness to rely on the privileged insight of
some of their fellow-citizens,? but they are also the result of people’s realiza-
tion that some members of society feel more strongly than others about some
issues and that this should be taken into account in the social choice. As a
tool of interpersonal comparisons, the present model agrees with some recent
social choice models in which social concerns become part of each person’s
characteristics (see Estlund [4], Wolff [17], Karni [9], Karni and Safra [10],
and Segal [14]).

The inclusion of the other-regarding concern for the way people consider

a controversial issue breaks the atomistic structure of the one-phase vote and

2Consider the re-construction of downtown Manhattan. In a city-wide referendum some
voters might feel that although they have their own views about the right way to go about
it, residents of the re-designed area should be given an extra vote which would express

their closer familiarity with the complexity of the the issue.



expresses social solidarity, which is after all the presupposition and the aim of
all procedures of social choice under circumstances of disagreement. Living
in a community rather than in an arbitrary aggregate of detached individuals
means that the question how much should one person’s preferences or beliefs
weigh cannot be determined independently of what everyone thinks of that
question.

A two-tier procedure is attractive in contexts in which voters might have
reasons for assigning extra weight to particular categories of people on the
basis of their alleged privileged position, moral standing, or particular sensi-
tivity to the outcome of the substantive decision.® The procedure relates to
issues about which there is not only first-order disagreement regarding the
right answer but also a second-order dispute concerning the kind of issues
they are or the kind of people who should be entrusted to deal with them.
Our model applies best in referendum-like contexts in which a controversial,
ideologically charged issue is to be decided in a yes-or-no manner in a fairly

large group of people.*

3The model we are offering here is abstract and idealized and should not be understood
as a proposal for electoral reform. We are aware of the difficulties in i1ts actual implemen-
tation, particularly of the question of the categorization of individuals, which might be
associated with stigmatization and profiling. The fact that a gives b a voting power as a

person of a certain type does not mean that b wants to be identified as such a type.

*By characterizing the suitable issues as “ideologically charged” we mean to exclude
cases which are hard to decide due to epistemological problems of arriving at the truth
of the matter. In such contexts, we might want a certain group of experts to decide for
society (or have extra weight in the collective decision), but we don’t necessarily want the

selection of the experts to be itself decided by vote.



Typical issues to which our model applies are those involving two possible
outcomes (“yes—no vote”). Asis usually the case, we too assume that society
is given, and therefore our procedure cannot be applied to the question “who
is a member of society” (see Kasher and Rubinstein [11] and Samet and
Schmeidler [13]). Our model does not require that members of society assign
different weights to different individuals, and therefore standard referendum-
voting procedures of “one man one vote” are a special case of our model.’
Our approach is more useful in situations in which utilities cannot be assigned
(like abortion rights, but unlike possible divisions of a cake). Many social
choices are of this nature, for they often involve moral or ideological views
about the differential standing of members of the group with regards to
the measure to be decided. That is to say, they involve some kind of an
evaluative, moral judgment of people’s preferences.®
Take, for instance, abortions. Some may wish to give women more weight

than men because of the particular position of the pregnant woman with

regard to her own body. Others may give everybody an equal vote on that

>Thus, in market-like situations, in which individuals make choices exclusively accord-
ing to what would satisfy them most (and regard others as behaving on a similar basis), a
two-phase system makes no sense, since individuals are expected to assign equal weights

to all members of society.

SFrankfurt [5] claims that beyond their first-order desires and preferences, individuals
also have second-order evaluations and rankings of these first-order desires, rankings which
are not based merely on the strength or intensity of the desires. One’s moral self-identity
is defined in terms of those normative assessments of the relative force of one’s desires.
Our model might be understood as an inter-personal analogue of Frankfurt’s theory of

intra-personal two-tier judgments.



matter on the basis, for example, of their view that the decisive issue is
whether the fetus is a human person rather than how the interests of the
pregnant woman are affected. Or, one might take a different view according
to which theologians (or physicians) should be given extra weight. Another
example relates to funds that are transferred from the rich to the poor. Some
might hold the view that those who gave the money should have a particular
say on the way it is distributed among the needy, while others might believe
that the question should be left to the recipients, who know best what they
need. These are not necessarily questions of self-interest, since people who are
neither on the giving nor on the receiving end may nevertheless have strong
views on the matter. In a democratic procedure, we claim, this second-order
disagreement should also be democratically settled.”

The idea of the differential ‘standing’ of people in the process of social de-
cision making may be presented in political terms as the issue of legitimacy or
legitimate authority. Legitimacy is usually understood as the rightful holding
of political power (a legitimate government, a legitimate heir to the throne)
and may relate either to the source of that holding or to the way the power
is exercised and its goals. Although it is usually interpreted as an either-or
concept, we suggest that legitimacy may be applied in degrees. Rather than

specifying the exclusive legitimate authority for making a wide array of social

"Voters might also want to assign differential weights to categories of voters on the
basis of their epistemic authority or privileged knowledge concerning the matter at hand.
Thus, one might want to give extra weight to both researchers and members of Humane
Society on the issue of experimentation on animals, or in some contexts assign zero weight

to those who know nothing about the subject, oneself included.



decisions (e.g. all citizens above the age of 18, or the King), our idea is to
rank all the sub-groups of society in terms of their legitimate authority over
the decision concerning a particular issue on the agenda. Moral and political
legitimacy, like epistemic authority, is a second-order evaluation which has
to do with the position of a particular type of people regarding the issue at
hand rather than with their substantive preferences.

The presentation of our model will benefit from setting it on the back-
ground of its two major alternatives: the aristocratic and the democratic.
The first consists of a voting procedure that includes only a subset of the
group within which the social choice is applied. This subset, endowed with
the voting power, may consist of a special class of individuals like priests,
noblemen, men, people with some income or property, professionals, or even,
in the limiting case, one individual who happens to be blessed with certain
unique qualities. Aristocracy in the historical sense, oligarchy, professional
committees and dictatorship belong to this category. The second, democratic
model consists of the notion that everybody takes part in the vote and resents
the idea of any subgroup in society making decisions for the whole group.

The model offered here combines elements of both the aristocratic and
the democratic models, both in its formal structure and in the substantive
reasons supporting it. Like the aristocratic model, our approach accepts
the notion of the differential standing of individuals regarding the particular
issue at hand, since on some subjects certain people are thought to have
interests that count more for various normative reasons, or since they are
held as more knowledgeable and able to form judgment. But since the model

is skeptical about the possibility of an ideal external point of view from which



the privileged subgroup(s) can be identified, it leaves that identification to
the democratic process. And rather than draw from that skepticism the
conclusion that everyone should be given an equal say on each matter on
the agenda, as in the democratic model, it lets the differential weights be
assigned by the voters themselves. Theoretically, voters may choose one of
the extreme, limiting cases: either give everyone an equal vote, or universally
consent to give one individual an exclusive power to decide the matter. But
again, these apparently democratic and dictatorial choices are based on an
actual democratic consent rather than on an independent abstract principle.

Our idea can be dubbed “democratically elected aristocracies.” But to
avoid any misunderstanding it should be noted first that unlike traditional
aristocracy, everybody in the group is (usually) given the vote in the first
round, albeit with differential weight. Secondly, the issues on which sub-
groups are elected to vote are highly specific and their scope is limited, since
— unlike real historical aristocratic regimes — the privilege of a particular
subgroup does not run “across the board.” There are no privileged members
of society; only members who are given a special position regarding particular
social choices. In applying to the whole spectrum of social choices, both the
aristocratic and the democratic alternatives to our suggested model fail to
acknowledge that some individuals may have a stronger say on some matters,
while others have more authority on other matters.

From a political-theory point of view here lie both the attraction and
the limitation of the suggested model. It is typically issue-oriented and,
like referendums, provides a representation of the people’s views on those

ideological and moral problems that people believe should be left out of



the bargaining table of ordinary politics. But then bargaining, logrolling
and coalitions are the stuff of politics in its rudimentary sense. Democracy
does not only attempt to represent people’s positions on specific issues but
rather to supply a framework for the exercise of power by “the people.” Our
model should not be used in the context of the election of representatives,
parliamentary parties or public officials, since in such elections the democratic
ideal is essentially egalitarian and leaves no room for differential weights.
Political power lies in the capacity to control the outcome of a wide range of
issues and hence should be allocated equally; but positions and attitudes on

specific issues may be subjected to differential evaluation.®

2 Individual Ranking

The voting procedure suggested in this paper requires each member of society
to assign voting weights to all other members. In this section we offer an
indirect way in which these weights can be revealed. We offer a theoretical
exercise, which we argue is compatible with the substantive (informal) model.
Our methodological claim is that from a theoretical model of ranking subsets
of society as the preferred groups for making a decision on a given issue we
can reveal the the relative weights assigned to different categories of people

in real-life contexts.

8The broad distinction between election of representatives and referendums on issues
leaves open the further question whether there are issues which should never be put to
any democratic vote (like, for example, human rights) and whether there are issues which

may be put to a vote but only in a one-tier method (like the election of representatives).
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Consider the issue of abortion rights. When pressed to decide whether it
is better that this issue be determined by all the women or by all the men in
society, a person, recognizing the special standing women have on this issue,
may prefer the former. By a similar intuition, he will also prefer the decisive
group to be “halt the women and one third of the men” to “one third of
the women and half the men,” and in general, for proportions p > ¢, he will
prefer “p of the women and ¢ of the men” to “¢ of the women and p of the
men.”

These preferences can now be extended to general sets of the form “p of
the women and ¢ of the men” vs. “p’ of the women and ¢’ of the men,”
where these preferences depend on the significance the individual is willing
to attach to men and women with respect to abortion rights. Indifference
between two such sets will reveal these degree of significance (or at least, the
ration between them). This section formalizes this intuition.

We assume that society is composed of a continuum set S of agents, say
S = [0,1]. Consider a question that fits our domain. Each member a of
society has complete and transitive preferences >, over measurable subsets
of S, where A >, B means “person « prefers that group A of individuals
decide for society over group B making this decision” (it is assumed that if
group A has to decide for society it will use a simple majority rule — see
the discussion of the scaling axiom below). Also, we assume that society
is partitioned into subsets which all individuals agree are relevant in this
context. So for example, such a division may be “men and women,” or
“secular and religious people,” or even “secular men, secular women, religious

men, and religious women.” Denote this partition by § = {S7,..., 5y} and
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assume that each S; is a measurable set with a positive measure. For a
measurable subset A of [0, 1], let { A1, ..., Ax} be the set of the intersections
of A with the partition 8. For brevity, we omit the subscript «.

These assumptions rule out the possibility that for some « € [0, 1], the
partition will be S; = {a} and S3; = everyone else. Of course, individuals
may have the feeling they should be appointed dictators, and therefore their
preferences over subsets of S will be fully determined by whether or not
they are members of the given sets. If this is how individuals feel about
social issues our model becomes useless. The underlying assumption we
maintain throughout is that members of society are willing to think about
issues not only in personal terms, but are willing to admit the standing of
other categories of people. Without some degree of social thinking at the
individual level, no social aggregation is possible. (For a further discussion,
see “Preferences versus values” in section 5 below).

For A > 0 we say that A" = M if for all ¢ = 1,..., N, u(A}) = Au(A)).
Observe that many different sets A’ can satisfy this requirement, even for

A = 1. Consider the following axioms.

Scaling For all A, B, A, and B’, if A’ = AA and B’ = AB for some A > 0,
then A" = B ifl A > B.

This axiom suggests that if person « prefers subset A to make a decision
for the whole society over subset B making this decision, and if A" and B’ are
A-replicas of A and B with respect to the partition § of [0, 1], then he should

also prefer A’ to B’. Note that this axiom implies in particular that if for all
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i, 1(A;) = u(B;), then A ~ B In other words, it is the distribution of agents
across the partition § that counts, and not the identity of its members.

When a set A of individuals is large, there is a sense in which it is enough
to ask only part of the people in this group for their opinion. For example, if
we randomly select half of the women of a large society and ask them about
abortion rights, we will get the same answer we will get when asking all the
women of this society. This is not to say that all women think alike, but if
there is a distribution of ideas among women, it should appear already in
sufficiently large subgroups. Here too, when we double the size of a set A
across the partition (51,...,Sx), we expect to observe no difference between
the outcomesin A and 2-A. It does not follow that members of society should
be indifferent between A and 2- A, as there are other aspects of the set to be
considered, for example, how inclusive it is. Yet we suggest that if someone
prefers A to B, then he should also prefer 2- A to 2 - B, as consideration for
size were already taken when A and B were compared, and the same scaling
is applied to both.?

To say that group A decides for society, is the same as saying that in-
dividuals who are not in A are not part of the social decision making. We
can therefore define a relation >’ over subsets of S by C' =" D iff A = B
where C' = S\A and D = S\ B. The meaning of this relation is simple. If
A is preferred to B, then clearly it is better to exclude members of C' from
the social decision making than to exclude members of D, which is stated by

C' *" D. For example, there is no difference between the two statements

9Note that this analysis is not true for small groups — a sample of 5 out of a group of

10 will give a relatively weak prediction for the whole group.
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1. It is better that the group of all doctors decides on abortion rights

rather than that the group of all clergies will make this decision; and

2. It is better that the group of all non-doctors will not be part of the
group that decides on abortion rights rather than that the group of all

non-clergies will not be part of this group.

The same justification for the scaling axiom now applies to these new
preferences >'. Let C' and D be as before, and let A > 0. By definition,
A > Biff C =" D. We just claimed that these preferences hold iff A\C' >" AD,
and again by definition, these preferences hold iff A" := S\AC = B’ := S\AD.

Formally, we suggest the following axiom.

Residual Scaling For all A, B, A’, and B', if S\A" = A\(S\A) and S\B' =
A(S\B) for some A > 0, then A’ = B"iff A = B.

For a further discussion of this axiom, and possible alternatives, see sec-
tion 5 below.

The next axiom!©

compares two sets A and B that have the same number
of individuals of type ¢*. We suggest that the preference between these two
sets does not change when the number of individuals of type ¢* changes, as
long as it remains the same in both sets. This axiom is plausible when the

relative contribution of given two types of individuals is independent of the

size of other types. We discuss a specific example below.

10For a discussion of the complete separability axiom see, among others, Blackorby,

Primont, and Russell [1] and Wakker [15].
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Complete Separability If pu(A;) = p(Byx), p(AL) = p(BL), and for i #
i, 1w(Ay) = p(AL), and p(B;) = p(B!), then A > Biff A’ = B'.

To illustrate, consider the issue of how southern Manhattan should be
rebuilt. Let S, S, and S3 be the groups “residents of NYC,” “non-NYC
residents of the State of NY.,” and “residents of other states,” and suppose
indifference between the sets A = (500,100,200) and B = (500,150, 100).
Changing the number of NYC residents to 100 in both groups may force
us to give a higher weight to the opinion of each of them, but it should
not change the relative weights of the other two groups. In other words,
we should maintain A" = (100, 100,200) ~ B’ = (100, 150,100). Note that
although Theorem 1 implies constant weights, complete separability by itself
is consistent with the (marginal) weight of a type being dependent on the
size of the set of this type, and even of the size of the sets of the other types
(for example, the function [ (A;) satisfies complete separability). It is the
relative weight of other groups to which this axiom really applies.

We will also use the following axioms. (Theorem 1 needs non-triviality,
but there are situations where the stronger monotonicity axioms should be

imposed).

Continuity If for all o, u(AY) — wu(A), p(BF) — u(B;), and for all k,
AR = B* then A > B.

Strict Monotonicity A C B implies B >~ A.
Monotonicity S = @ and A C B implies B = A.
Non-Triviality S # @.

15



Theorem 1 Assume N > 3. The following two conditions are equivalent.

1. The preferences = over the subsets of S satisfy the axioms of scaling,

residual scaling, complete separability, continuity, and non-triviality.

2. There are numbers ki, ..., kn, not all zero and unique up to multipli-
cation by the same positive constant 3, such that = can be represented
by V(A) = X kip(A;). If non-triviality is replaced with (strict) mono-

tonicity, then the numbers kq,...,kn are all non-negative (positive).

Suppose that on the issue of abortion rights society recognizes three gro-
ups: clergy (10% of the population), lay men (45%), and lay women (45%),
and that we find out that person « assigns these groups the weights (1, %, %),
respectively. Given a set A, he is indifferent between enlarging it by adding
one lay woman or by two lay men. In other words, in his view, and with
respect to this issue, lay women should count twice as much as lay men.

But of course, society does not face a choice between subsets of S. More-
over, even if it did, the monotonicity axioms imply that everyone considers
S to be the best set to make social decisions. Given this constraint, person
« can still express his view that “one lay woman should count twice as one
lay man” by giving women twice the voting power of men. In other words,
we can imagine person « assigning voting coupons to members of society,
where person x is assigned by him f,(z) coupons. (Here k(z) = 1, 2,2 for
x = clergies, lay men, and lay women). If people now vote on the issue itself
(that is, whether or not to have abortion rights) while using these coupons,

then effectively each lay woman will count twice as every lay man.!!

' Note that coupons here represent voting power rather than the means of acquiring

16



In the formal presentation we imagined each voter as ranking all possible
subsets of society for making the decision for the whole of society. Despite
the appearance of contradiction, there is no inconsistency between the infor-
mal presentation of the two-tier voting model and the formal one. For, the
complete ranking of all subsets is merely a theoretical tool for expressing the
relative weights each individual wishes to ascribe to categories of people in
society as a whole. It does not imply an actual wish by the individual that a
subset of society make the choice for all the rest anymore than a consent on
a Rawlsian Original Position implies a blueprint for a political body in which
actual social choices would be made. Thus, the merit of representing the ac-
tual assignment of differential weights to all members of society in terms of
the ranking of subgroups that are allegedly given the power to make choices
for society as a whole lies in its ability to circumvent the problem of the car-
dinalization of preferences. It should not be understood as a disagreement
between individuals about who in society should decide policies for all the
rest, since it is universally agreed that all individual members should take

part in the decision making process. By democratically elected aristocracies

resources as is the case in Dworkin’s [3, pp. 65-71] famous desert-island auction. Dworkin
explicitly says that the “clamshells,” distributed equally between the islanders, can be used
only to purchase privately owned resources and that the issue of the equality of political
power should be “treated as a different issue.” But beyond the obvious difference between
the distribution of power (or specifically voting power) and that of personal goods (which,
for Dworkin raises the fundamental problem of envy), there is a structural similarity in
that both kinds of coupons must be allocated equally (i.e. the number of clamshells must
be the same or, in our case, the sum of assigned weights must be 1). We impose and

justify this constraint in the next section (see eq. (1)).

17



we do not mean an exclusive club or caste, but a range of relatively growing

weight of voting power given to categories of all individuals in society.

3 Aggregation

The analysis of the previous section yields the conclusion that each member
a of society would like to assign the voting weights k% = (kf',..., k%) to
society’s N subgroups. Given these individual preferences, society too, we
suggest, should assign such weights, and these should be based on the individ-
ual weights. This section discusses such an aggregation. Our aim is to obtain
a rule that applies to all possible profiles of individual preferences (subject to
some structural constraints), and not just to one given profile. In this section
we assume monotonicity, hence all individual weights are non-negative.'?
The first problem we face is that the individual weights are unique only
up to multiplication by a positive number. Using our previous example,
2 4

the social considerations of person a’s weighing functions &% = 1,2, 2 and

k* = 3,2,4 should be the same. We would like to eliminate this flexibility.
In other words, we are looking for a normalization of the weights, but our
interpretation of the weights suggests such a normalization. If weights are to
be understood as voting coupons, then it is natural to assume that all mem-
bers of society will have the same number of coupons to allocate. Although
we wish to create differentiation when voting on the issue itself, we do not

want to give some people more power in determining who should have the

12We may in fact use a weaker restriction, namely that all individual weights are uni-

formly bounded (with respect to «).
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extra voting power. Formally, we give each person a set of coupons in the

size of society (that is, 1), and impose the restriction

Do kfu(Si) =1 (1)

Denote by X the set {k € RY : SN, k;u(S;) = 1}. For every a € [0,1],
person a’s preferences lead to an element of K. Denote this function f =
(fis.oosfn) 2 [0,1] — K, where f(a) = k¥ and fi(a) = kY. We restrict
attention to measurable functions f and denote the set of all such functions
F. The two functions f,¢g € F induce the same distributions on X if for all

measurable T' C X,

p(f7HT)) = ulg™H(T))

Our aim is to aggregate the individual weights, as expressed by f € F,
into a vector of social weights. For this, we need to find for each distribution
of private opinions on the weights a vector of social weights. Formally, we
want to find a function ¢ = (¢1,...,¢n) : F — K. We want to do this not
just for one set of individual weights {k®},, but for all such sets of weights.

We offer the following axioms.

Anonymity If f and ¢ yield the same distributions over X, then ¢(f) =
»(9)-
Unanimity Suppose that for some A > 0 and ¢, and for all « € [0,1],

gila) = AMfi(a). Then vi(g) = Ap:(f).

The first axiom assumes that the aggregation procedure is indifferent to

the proper names of the members of society. All we care for is “how many”
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individuals prefer a certain weighting system, but we do not care who they
are. Similar assumptions are often made in the social choice literature, but in
our context it needs some justification. Consider again the issue of abortion
rights, and assume, as before, that 10% of the population are clergies, 45%
are lay men and 45% are lay women. Anonymity implies that if 10% of
the population prefers the weights (5.5,0.5,0.5) and the other 90% prefer
the weights (1,1,1), it doesn’t matter whether these 10% are the clergies or
whether they are all lay people.

Such examples may suggest that we should ignore self references, that is,
members of society should be permitted to assign weights to everyone but
themselves. But then, why should we trust individuals to give weights to
anyone else? Consistency requires that if individuals can assign weights to
everyone else, they can also do it for themselves, both as individuals and as
members of a subgroup.

The second axiom is of course stronger than plain unanimity, in which if
everyone agrees on the weight of a certain group, society too should apply
this value. Here we apply unanimity to (relative) changes, rather than to the
particular views themselves. One may argue that other forms of unanimity
are possible, for example, if for some b and ¢, and for all a € [0,1], ¢;(a) =
fila)+b, then ¢,(g) = ¢i(f)+b. As we show in Theorem 2 below, this form of
unanimity follows from the above two axioms. We suggest the proportional
form of unanimity as it seems to fit in its nature with the general setup of
the present model, where the ratio between the weights of different groups
plays an important role (see the discussion following Theorem 1 in section 2.

The unanimity axiom is stronger than it may seem. Notice that it is
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made with no regard to what happens to the weights individuals wish to
assign to other groups. But when the individual weights of one group are
all multiplied by A, other weights too must change. As we show in the proof
of Theorem 2, this axiom implies in particular that the social aggregation
of type ¢ (say “female doctors”) depends on the way members of society
evaluate this group but not on the way they evaluate other groups (e.g.,

“male lawyers”).

Theorem 2 Assume N > 3. If the social aggregation rule satisfies the
anonymity and the unanimily axioms, then the social coefficients ki, ..., k3

satisfy for all 1,

1
ke = / ki(@) da
0

That is, the social coefficients are the average of the individual coefficients.

This Theorem may seem patently wrong, as clearly homotheticity does
not imply linearity. But as stated above, the Theorem utilizes the constraint
that does not appear explicitly as an assumption, namely, that the sum of
social and individual weights must satisfy eq. (1). Therefore we show that

©; 1s homothetic with respect to a large set of points, hence linear.

4 Multiple Issues

o far, our analysis assumed just one issue, say “abortion rights. ut sup-
So far, 1 d just ) “abort hts.” But
pose society has to decide simultaneously on several issues, for example abor-

tion rights and the scope of sexual harassment. If members of society see no
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connection between these issues, and judge each in isolation, the analysis of
the last section still holds. But what happens if the weights people are will-
ing to give to some subgroups of society depend on the weights these groups
receive on other issues?

Consider the above example. Even if we don’t know how any given man or
woman is going to vote on the issues of abortion rights and the scope of sexual
harassment, some may feel that women should be given more voice on both
issues. Suppose person « believes that in both cases women’s weights should
be twice as that of men. If society disagrees, and gives women no special vote
on one issue, it is conceivable that « will be willing to compensate women by
offering them more weight on the other issue. We do not suggest that person
« is trying to manipulate society by misrepresenting his true assessment of
the weights men and women should receive, but that the weights he is willing
to assign them may depend on the empathy he feels towards women, and
knowing that they got too little weight on one issue increases his sensitivity
to their needs and views on other issue. But then, will society be able to find
weights, one system for each issue, such that individual and social weights
are consistent with each other?

Suppose society has M issues to consider. To simplify notation, we as-
sume that the same partition Sq,..., Sy of agents applies to all M issues.
Extending the analysis of the previous section, we now assume that each
member of society has preferences over decisive subsets of S for issue m,
m = 1,..., M. These preferences satisty the axioms of section 2, but they
may now depend on the weights each of the N categories receive on other

issues. Thus, for issue m, person « has the preferences =7 (k% ), where
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k* . are the social weights to all groups in all other issues. Since, by Theo-
rem 1, these preferences are representable by the linear weights &% (m, k%),
we express the following continuity axiom in terms of these weights, but the

translation into continuity of the preferences themselves in k°, . (via measur-

able subsets of 2° x 27) is simple.

Continuity The preferences =" (k* ) person « has over decisive sets for

issue m are uniformly continuous in k*

and in «. That is, V6 de such

m

that || ke —ks ||< e implies, for all o, || k*(m, ];im)—ka(m, k) ]|< 6.

It follows that the social weights for issue m, being the average of the
individual weights, are a continuous function of the social weights for all
other issues. Formally, assume monotonicity (hence all weights are non-
negative), and consider the sets X™ = {k™ € RY : SN kru(S:) = 1},
m = 1,..., M. There are M continuous functions, ¢" : [],4,, K — K™,
such that given the social weights k*f = (kls’g,...,k]sv’[) for issue [, { =
l,...,M, { # m, the average values of the individual weights for issue m

equal g™ (... kst fsmtl ) € K™, Define now ¢ : IT,,, X™ — [I,, X" by
g(kst L EMY = (g (S LR s s MY )

By Brouwer’s fixed point theorem, this function has a fixed point, that is, a

system of weights k', ..., k™, such that for all m,
];s,m _ gm(iﬁs,l7 . ];s,m—l7 ];s,mﬁ—l? . ];s,M)

The meaning of this last result is simple. For each m, given the so-

cial weights k*', ... kst ksmtl kM each person in society forms
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his weights for issue m. The social weights for this issue are the average of

the personal weights, and they are equal to k™.

5 Q& A

ARE THE ONE-PHASE AND TWO-PHASE SYSTEMS REALLY DIFFERENT? The
fundamental idea behind the model is that it acknowledges the limitation of
the traditional assumption about the self-interested behavior of voters and
the need to give expression to the way voters consider the standing of oth-
ers in the matter under dispute. But cannot this other-regarding aspect be
incorporated in a one-phase vote? Consider the following procedure. Each
social member first determines the weights he wishes to assign to each of the
groups Si,..., 5y, as suggested by Theorem 1. He then computes the out-
come of the prospective actual vote according to these weights and proceeds
to cast his personal vote on the substantive issue according to that outcome.
Will this simpler mechanism yield different results from those of Theorem 27

The answer is yes, for two reasons. Firstly, as mentioned above, there
are many cases in which the interests of a particular subgroup are not at
all identifiable although one may think that the subgroup is in a special
position to decide the issue. For example, one might believe that women
have a particular standing with regards to abortion policies, although one
does not know how women will in fact vote on them (since they may be no
less controverted in the female subgroup than in society at large). Secondly,
even when the interests of the subgroups are known, the one- and two-phase

procedures may yield different outcomes. Consider the following example.
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Suppose k =2, u(S1) = 0.2 and p(S2) = 0.8, and suppose that all mem-
bers of 51 vote the same (say, “Yes”) on a certain issue, while all members of
Sy vote in the opposite way. All members of S and i of the members of 5,
(that is, 40% of the whole population) believe that the appropriate weight
of members of 57 is 5 while the weight of members of 5, should be 0. The
remaining 2 of Sy (that is, 60% of the population) believe the weights should
be 2.4 and 0.65, respectively. (Observe that 0.2-5 = 0.2-2.4+0.8-0.65 = 1).
Following Theorem 2, the social weights should be 0.4-540.6-2.4 = 3.44 to
members of S7 and 0.4-0+ 0.6 -0.65 = 0.39 to members of S3. According to
the procedure suggested in this paper, each vote of members of Sy is multi-
plied by 3.44, while each vote of members of S5 is multiplied by 0.39. Since
0.2-3.44 > 0.8-0.39, “Yes” wins over “No.”

Consider now the alternative, one-phase vote. 40% of the population
believe that members of 57 should receive weight 5, and if society is to vote
according to these weights, “Yes” wins. Hence these 40% vote “Yes” in the
one-phase vote. The remaining 60% believe the weights should be 2.4 and
0.65, and if society votes according to these weights, “No” wins. (Observe
that 0.2-2.4 < 0.8-0.65). Therefore, 60% vote “No,” and “No” wins.

We believe that the two-phase vote is better than the one-phase vote be-
cause in the latter approach strong convictions of a minority may disappear.
For example, if 40% of the population believe that people with children should
get significantly more voting power on issues related to education, while 60%
believe that they should get no special voting power, the one-phase procedure
may totally ignore the convictions of the 40% who believe in special power

for parents.
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WHAT IS TO BE REPRESENTED: PREFERENCES OR VALUES? In Harsanyi’s
[7] model of social choice individuals have selfish preferences over social poli-
cies and these are then aggregated into social preferences. The more recent
literature conceives of each member of society as having two sets of pref-
erences, selfish and social (see citations in section 1). We agree with the
assumption of these recent models that social concerns should be taken as
part of the individual’s characteristics and in particular that these social con-
cerns may differ from one person to another. Social concerns in our model
are represented by the weights each individual is willing to assign to other
members of society. Preferences enter our analysis in the second phase of the
voting, when social questions are actually decided.

The crux of the theoretical motivation behind the suggested model is
the following: unlike the standard attempt to devise a voting scheme that
would best represent the preferences of individuals in a social context, our
starting point is that what is to be represented is not only what people
prefer (weighted and aggregated), but also how people regard the relative
weight of all members in counting and weighing their preferences. It is an
attempt to represent the normative value of individual preferences as it is
determined by everybody, rather than merely reflect the positive values of
the preferences themselves. To that extent, our model is a combination of
positive and normative factors, where normative values determine the weights

voters receive, and the final vote reflects actual individual preferences.

SHOULD NEGATIVE WEIGHTS BE PERMITTED? Theorem 1 permits negative

weights, but the strict monotonicity axiom rules out this possibility. In our
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context this is a natural assumption as well as politically justifiable. The
fundamental motivation for assigning differential voting power is associated
with the principle of empathy to others and the attempt to reach some sort
of social consensus despite substantive disagreements. Assigning negative
weight to another’s opinion or preference runs against this democratic spirit
of solidarity. For although one could in principle agree that he himself should
get zero weight in a particular vote (for instance, admitting that he knows
nothing about the subject or is indifferent to the conflicting interests), no
one would probably agree to be given a negative standing, since that would
mean that one is systematically wrong, irrational, or malicious in his prefer-
ences and hence should be discounted rather than merely not counted. We
sometimes think that the fact that a certain person makes a particular choice
or holds a certain belief is in itself a reason to make the opposite judgment
or choice (e.g. in deciding whether a certain movie is worth seeing, we might
act contrary to the recommendation of a friend whom we know to have bad
taste). However, these cases of “counter-authority,” in contradistinction to
“lack of authority,” are not typical of the political contexts of social choice

with which we are concerned.™

13Even in extreme cases, in which society deems a particular opinion or ideology as

” 1t sometimes prohibits parties representing this opin-

lying “beyond the democratic pale,
ion from running in elections, thus giving them zero weight. Neo-Nazis are not given
negative weight on matters of immigration to Germany; they are simply prohibited from
expressing their views in an institutionalized manner. Even the argument that new, or

non-francophone immigrants should not take part in a referendum on Quebec’s secession

does not suggest giving these voters negative weights, just zero.

27



The exclusion of negative weights also carries the extra bonus of escaping
the most conspicuous temptation to vote strategically, although, admittedly,
does not remove that threat completely. If I know that I am assigned a neg-
ative weight by many voters, [ have a strong motivation to cast my vote for
the opposite option to the one I believe in. We have on the whole avoided
the problem of strategic voting, both since we wanted to theoretically con-
strain ourselves to a relatively ideal model of representation and because by
prohibiting negative weights the motivation to vote strategically decreases as

a matter of empirical fact.

ISN’'T COMPLETE SEPARABILITY TOO STRONG? Consider the following pos-
sible objection to complete separability (and to the (I, a*)-scaling axioms —
see the appendix). Suppose there are three groups in the social partition:
clergypersons, lay men, and lay women, and the issue is abortion rights. One
may be indifferent between A = (100, 800,0) and B = (100,0,400), but not
between A’ = (500,800,0) and B’ = (500,0,400) (a violation of complete
separability).!* We reject this intuition for the following reasons. It is im-
plicitly assumed in these examples that there is a reason to check the power
of clergypersons, a goal which is not achieved in B’. But first, it should be
emphasized that we do not know how individual members of different groups
are going to vote and hence do not have a reason to limit their power in
the light of their particular views. Secondly, the preferences > are not over
committee-like representations, but over the position of members of society

and their role in the process of social decision making. To that extent, the

MNor between A” = (100,160, 0) and B” = (100, 0, 80), a violation of (I, a*)-scaling.

28



presence of more or less individuals of one category in a given set should not
affect our appreciation of the relative weights of other categories of people
who form the set.

Strict monotonicity may be challenged similarly to the complete separa-
bility axiom on the grounds that if A has too little representation of category
S;, increasing representation of type j # ¢ may reduce the desirability of this

group. Our previous arguments are relevant here as well.

IS THE RESIDUAL SCALING AXIOM REASONABLE? Consider the following
alternative approach, that is mathematically equivalent to the residual scal-
ing axiom. Suppose someone prefers group A over B to make social decisions
regarding abortion rights. For example, A is the group of all doctors, and
B is the group of all clergies in society. Let ' = S\ A be the set of all non-
doctors and D = S\ B be the set of all non-clergies. Then it is reasonable to

assume that this person also prefers D over C'. Formally:
Complement Reversal For all A and B, A = B iff S\B = S\ A.

The scaling axiom now applies to ¢ = S\A and D = S\ B and yields the
same mathematical results as residual scaling.

The difference between the two approaches is that in section 2, the pref-
erences >’ do not assume anything new — they are just a restatement of
the original preferences =.'> Residual scaling makes an assumption about

these preferences. We claim that if one is willing to accept the rationale for

15Tt is like saying that if a is older than &, then b is younger than a. There is no
assumption here, just a definition of the word “younger” based on the known meaning of

the term “older.”
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scaling, there is no reason why one should not accept it for residual scaling as
well. With the alternative approach presented above, however, it is true that
scaling is applied without any new assumptions, but the price is that one
has to add a truly new axiom. The following example illustrates a possible
objection to it.

Let A be a set consisting of half the men and half the women in society.
The complement of A, denoted (', also contains halt the men and half the
women in society. Let B be the set of all men, hence its complement D is
the set of all women. Suppose A > B. Complement reversal suggests that
D > C, which is inconsistent with preferences for balanced sets of social
decision makers. Of course, this is also implied by Theorem 1, but we feel
that it is better to obtain it as a result, rather than as an assumption of
the model. Indeed, dropping any of the three axioms of scaling, residual
scaling, and complete separability will permit such preferences.'® It is the
combination of the three that implies indifference to balanced sets, and not

any of the axioms by itself.

15The function V(A) = J]p(A;) satisfies scaling and complete separability, but not
residual separability while V(A) = — > [u(S;) — u(A4;)]? satisfies residual scaling and
complete separability, but not scaling. Finally, let 7 be a permutation of {1,..., N} such

A
that p(Ar1))/1(Se1y) < -+ < p(Aniny)/1(Se(w)), and define V(A) = Z(ﬁﬁ [/ 4 —
i—1

). This function satisfies scaling and residual scaling, but not complete separability.

All three functions are quasi concave, hence indicate preferences for balanced sets.
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6 Some Remarks on the Literature

The literature on voting and social choice consists of many attempts to revise
the “positive” preference-based, self-centered approach by introducing into it
a normative as well as a social (other-regarding) dimension. It might there-
fore be illuminating to show the way in which the model outlined here differs
from and goes beyond these attempts. John Stuart Mill [12, pp. 137143,
180] suggested granting extra votes to the more educated classes in society.
Mill’s idea, shared by some contemporary followers (see Harwood [8]), is that
a system of “plural voting” would promote the public education and through
that the quality of both the public debate and the outcome of the political
decision- making process. Mill even believed that it would lead to the ad-
vancement of moral excellence. However, a system of plural voting, like most
other suggestions for the improvement of electoral systems, concerns objec-
tive and independently fixed conditions of elections, whereas our proposal is
to have these very conditions put to a vote. Mill was seeking “a trustwor-
thy system of general examination,” while we are looking for the subjective
assessment of all the voters regarding the source of differential authority on
a particular measure. We thus circumvent all the objections regarding both
the irrelevance of education for intelligent political choices and the problems
in deciding the appropriate levels of education. We also avoid Mill’s painful
oscillation between his basic egalitarian commitment and his elitist faith in
the authority of the educated classes.

Political philosophers have expressed reservations about the preference-

based principle of voting. Estlund [4], for example, argues that the common
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notion of democracy is incompatible with the idea of an epistemically ideal
observer who decides social policies on the basis of individuals’ preferences.

” in the sense

Democracy is not just “for the people” but also “by the people,’
that it requires an act of choice, typically voting. Our model is in agreement
with Estlund’s “activity condition,” since it not only rules out an “ideal
preference reader” in the second-phase vote, but also denies an imposition of
an external criterion for differential voting, insisting rather on active voting
also in the first phase. Estlund demonstrates that individual active expres-
sions of preferences cannot be aggregated (due to their inextricable indexical
character) and concludes that the object of voting must be the common in-
terest rather than individual preferences. Our model is not committed to
any particular view about the content of the vote, but suggests that mem-
bers of society introduce their notion of the common good in the differential
allocation of voting power based on their views about the common good.
Our proposal can also partly respond to Wolff’s [17] “mixed motivation

" according to which some people vote on the basis of their narrow

problem,’
personal interests while others vote in the light of their beliefs about the
common good, the consequence being that we don’t know how to interpret
the outcome of the vote. Splitting the vote into two stages can provide voters
with a reasonable combination of what they believe is good or fair from a
social (group) point of view and what they personally prefer the policy in
question to be.

It is also worth mentioning how our suggested voting scheme differs from

the idea of agreement under an ideal veil of ignorance (of the Harsanyian or

Rawlsian type). The suggested scheme is not primarily motivated by the idea
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of fairness that calls for background conditions of anonymity in the exercise of
self-interested voters, but rather by the ideal of adequately representing the
way real people actually evaluate others’ interests. It is not the procedural
fairness of the method that lends the outcome its validity as just, but the
sensitivity to individual substantive evaluations of the differential weights
democratically assigned to identifiable groups of people in society.

For other formal models of evaluation of people by others (but in a differ-
ent context, where the issue is who belongs to a certain group), see Kasher

and Rubinstein [11] and Samet and Schmeidler [13].

Appendix

Proof of Theorem 1 It is easy to verify that (2) implies (1). We prove that

(1) implies (2) through a sequence of lemmas.

The preferences = induce preferences over X = TI¥,[0, u(S;)], where
(a1,...,an)is preferred to (by, ..., by) iff there are A, B C S such that A = B
and for all e = 1,..., N, u(A;) = a; and p(B;) = b;. Wlg we will use the
same notation > for these induced preferences. Let p = (u(S1),...,u(Sn)),
and let L = [0, p] (here and throughout the proofs, [a, b] denotes the chord

connecting the points @ and b in RV).

Lemma 1 The preferences = are strictly (positively or negatively) mono-

tonic along L.

Proof Suppose that for some a,b € L, a = Ab for some A < 1, but a ~ b.
By the scaling axiom, b ~ Ab ~ A2b ~ -+ ~ A"bh ~ - .-, hence, by continuity,
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b ~ 0. Similarly, by the residual scaling and continuity axioms, b ~ p, hence
p ~ 0, a contradiction to the non-triviality axiom.
Continuity implies that if a is between points b and ¢ in L, then either

b>a> ¢, or ¢c>a> b, hence the lemma. a

For simplicity, we assume that p > 0 (that is, we assume monotonicity).
To justify Fig. 1, which is used in the proof of Lemma 3, we need the

following result, which is proved after the proof of Theorem 1.

Lemma 2 Let H be a 2-dimensional plane containing L. Then HN X s a

parallelogram in RN .

Lemma 3 Let H be a 2-dimensional plane containing L. On H N X, the
preferences = can be represented by (possibly different) linear functions on

each side of L.

Proof Since preferences are strictly monotonic along L, it follows by conti-
nuity that there are ¢ € L and b ¢ L such that a ~ b. Let ¢ € [a,b]. The
points 0, p, a, b, and ¢ are in the same 2-dimensional plane, denote it H.
Following Lemma 2, H N X is depicted in Fig. 1 by the parallelogram Ogph.
Denote by d the intersection of the line through 0 and b with the line through
p and ¢ (see Fig. 1). Let ed || ba. By the scaling axiom, d ~ e. Since ca || de,
it follows by the residual scaling axiom that ¢ ~ a. In other words, the chord

[a,b] is an indifference set of ».

We want to show next that the continuation of the chord [a,b] in the
direction of b is also part of the indifference set through a. Suppose not, and

suppose, wlg, that there is a sequence b, — b such that for all n, b € [a, b,],
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Figure 1: Proof of Lemma 3

and b, »~ a, say b, > a. By continuity, there is a sufficiently high n such
that there exists a point a, € L for which b, ~ a,, = a ~ b. By the above
arguments, the chord [a,, b,] is an indifference set of >. Denote by ¢, the
intersection of this chord with the chord [0, f], where f is the point on the
boundary of H N X for which b € [0, f] (see Fig. 1). Clearly, a,c, } ab. By
the scaling axiom it follows that there is a point d,, € L, strictly between «
and a,, such that b ~ d,,, a contradiction to Lemma 1. The scaling and the
residual scaling axioms therefore imply that on AOgp, the preferences can be
represented by a linear function.

Note that the above analysis applies equally to the case where b is in the
triangle AOAp in Fig. 1. We therefore conclude that for all b € X\ L, the
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preferences over the intersection of the half plane containing L and b with X

can be represented by a linear function. a

Consider a set of the form X(/,a*) = {a € X : Vi € [,a; = a}}, that
is, X ([, a*) represents the set of all groups of individuals where the size of
the social sections in [ is fixed at the a¥ level. For a € X, define a(/,a*) by
a;(l,a*) = a; for o € I, and a;(1,a*) = a} for ¢ € I. Consider the following
two conditions in which we apply the logic of the scaling and residual scaling

axiom to the constrained sets X (7, a*) (as before, p = (p(S1),. .., p(SN))).

(I,a*)-Scaling Let a,b € X(I,a*). For all A >0, a > biff Aa({,a*)+ (1 —
MNO(I,a*) = Ab(I,a*) 4+ (1 — X)0({, a*).

(I, a*)-Residual Scaling Let a,b € X(/,a*). For all A > 0, a = b iff
)\Cl(],a*) + (1 - )‘)p(]va*) i )‘b(]va*) + (1 - )‘)p(]va*)‘

These two axioms suggest that the two scaling axioms should be satisfied
not only for the whole society, but also when the size of some of the groups
is held fixed. It turns out that these two axioms follow form scaling, residual

scaling, and complete separability.!”

Lemma 4 Scaling and complete separability imply (I, a*)-scaling, while res-

idual scaling and complete separability imply (I, a*)-residual scaling.

"The geometric difference between complete separability and the last two axioms is
clear. The former imposes no restrictions on the preferences = when one coordinate is
fixed, but connects together such preferences for different levels of the fixed coordinate.
The latter axioms do not impose any connection between the orders obtained for different

levels of the fixed coordinates, but impose restrictions on the induced orders themselves.
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Proof Let a,b € X(1,a*). Then Aa,\b € X(I, a*). Suppose [ = {ig +
1,...,N}. Fori ¢ I, define a* = da if i = 1o+ 1, and for i = 19 +2,..., N,
define ¢' = a'~*({1},a*). In other words, a' is obtained from a'~! by replacing
the i-th coordinate of a'~! with a?. By scaling, a = b iff ¢+t = biot! and
by complete separability, for ¢ = i+ 2,..., N, a' = b iff «'=* > 6", But
a¥ = Xa(I,a*) + (1 — \)0(I,a*), hence (I, a*)-scaling.

The proof of (I,a*)-residual scaling is similar. O

Similarly to the above analysis, it follows that for every (I, a*) and for
every b € X([,a*), on the 2-dimensional plane H through b and L(1,a*) (the
line through 0(7,a*), and p(1,a*)), the preferences > can be represented by
a function that is linear on each of the two sides of L(/,a*) in H.

The preferences > over the product set X are continuous and completely
separable, and can therefore be represented by an additively separable func-

tion of the form

Via) =) vila:) (2)

(see Debreu [2] and Gorman [6]). Consider now the set X({3,..., N}, a),
where all but the first two variables are fixed. On this set, the preferences

can be represented by v1(ay) 4 va(az), but also by

k1a1 + k2a2 ag < p—26l1
W(Cll, Clz) = (3)

k{al + kéag a9 > p—26l1

where kypy + kaps = kip1 + K\ ps.
Lemma 5 vy is linear.
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Proof Consider the range ay < z—fal. From eqs. (2) and (3) it follows that
there is a monotonic function A such that vy(ay) + va(az) = h(k1ay + koaz).

The function A is monotonic, hence almost everywhere differentiable. Pick
a point (af,a)) such that h is differentiable at kya$ + kpa9. It follows that vy
must be differentiable at af, hence v{(a%) = k1A' (ki1al + k2a9).

By continuity, there is a segment of values of @ for which there are values
of ay such that as < g—j’al and kyay + kaay = kyaf 4 kyal. (If not, then ky = 0
and the lemma is trivially true). At all these points, the value of A’ is the
same, and therefore, on this segment v{ is constant and v is linear.

Since h is almost everywhere differentiable, we can get such overlapping
segments of values of vy, hence vy is globally linear. The same proof holds

for vs. O

By similar arguments all the functions v; are linear, hence the theorem.

Proving that strict monotonicity implies positive coefficients is trivial. W

Proof of Lemma 2 To simplify notation, we assume that X = [0,1]",
that is, p = (1,...,1). An edge of X is identified by a pair ([,7*) where
]; {1,....N} and ¢* € I, and is given by {« € X : a; =0for i € [, a; = 1
for i* # ¢ ¢ I and a;x € [0,1]}. Pick a 2-dimensional plane H such that
L C H,let a* # 0,p be on the edge (/,:*) of X. H can be represented as
{7vp+ éa*}. Let b € X N H be another point on the edge (I',¢') of X. There
are v and ¢ such that b = vyp + da*. We now discuss all possible connections
between ([,¢*) and (I’, 7).

1. e such that af = b; = 0: v =0, hence b = déa*. The point b can be on
the edge of X iff I’ = {1,..., N}\{¢'} and ¢/ = ¢*. In other words, ¢* and b
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are on the same edge of X.

2. Ji such that ¢ = 1 and b; = 0: v+ 6 = 0. If there is j # ¢’ such that
a; =0, then b; = 7, hence v = 1 and 6 = —1. Clearly, 0, p, ¢*, and p — a”

form a parallelogram. Alternatively, for all ;7 # ¢/, a*

: %
7= 1. Once again, a

and b are on the same edge of X.

3. Ji such that af = b; = 1: v+ ¢ = 1. If there is j # ¢’ such that ¥ = 0,
then b; = ~, hence v = 1, 6 = 0, and b = p. Otherwise, for all j # ¢/,

ai =b; =1, and again, a* and b are on the same edge of X.

4. Ji such that a¥ =0 and b; = 1: v =1, hence b = p+ da*. If thereis j # ¢/
such that b; = 0, then a7 = 1 and 6 = —1. As before, 0, p, ¢, and p — @~
form a parallelogram. If for all j # ¢/, b; = 1, then either 35 # ¢’ such that
ai =1, hence 6 =0 and b = p, or for all j # ', a¥ = 0. Here too, 0, p, a”,

and p — a* form a parallelogram.

We now look into the case where ¢ and b are on the same edge. It is
easy to verify that this edge must also contain either 0 or p, and therefore

H N X is a parallelogram (in fact, a rectangle). O

Proof of Theorem 2 Unanimity applies to all A, and in particular to A = 1.
Let f and ¢ agree on the i-th group, that is, for all «, fi(a) = ¢g;(a). By
unanimity, ¢ f) = i(¢g). In other words, the social weight of group ¢ depends
only on the function f;, that is, on the weights members of society assign this
group (and not on the weights they assign other groups). Therefore it follows
that in o(f) = (¢1(f), ..., on(f)), the function ¢; depends only on f;, hence

@(f) = (991(f1)7 s 799N(fN))'
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To simplify notation, we assume wlg that u(S;) = -+ = u(Sy) = %."*
Note that for every a, 3 fi(a) = N, and for every f = (f1,..., fn)

Yoeill) =2 ¢ilfi) =N (4)
Lemma 6 Let fi(a) = X. Then ¢i(fi) = A.

Proof By unanimity, ¢;(0- f;) = 0. By eq. (4), > ¢:(fi) = N. Therefore, if
fi = N and for all j # ¢, f; = 0, then ¢;(f;) = N. Unanimity now implies

the lemma. O

Let ¥, = {f; : [0,1] — [0, N}, that is, F; is the set of all possible profiles

of weight-allocations to .S;.

Lemma 7 For every i, @; is linear. That is, for every f}, f? € F; and for

every ¢ € [0,1],
i CfF+ (L= f) = Coil [+ (1= Qe £7) (5)

Proof Assume, for simplicity, : = 1.

Case 1. The functions f] and f} are bounded away from 0 and N. Denote
Ry = 0. For a sufficiently small ¢ > 0, h} = (1 + O)[(1 + ) ff — (f}] and
hi= (14 )[—Cfl + (1+()ff] are bounded away from 0 and N and satisfy
hi, ki€ Fi. Let H = Conv{h{, hi, hi} and observe that f}, f{ € H.

Pick gi and ¢? in the interior of H such that AY, ¢{, and g7 are not on the
same line. There is 6 > 0 such that infg{(oz),inf{N — g{(oz)} > 6,7 =1,2.

1% Alternatively, we can define ﬁ(a) = Nu(S;)fi(«) and work with these functions in-
stead of the functions f;.
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Obviously, for all a, 0 < g{(oz)N/(N —§6) < N. Define

gifo) = § - AT )

and forz =4,....N, j =1,2, let gf = 0. Since ¢g{ and ¢} are in the interior
of H, it follows that for a sufficiently small ¢, so are N — g3 and N — ¢3. If

g1 and g7 are sufficiently close to each other, (the exact requirement is that

for every «, gi(a)(l — %) < gi(a) < gila)/(1 — %)), then for all a

N - gi() = AT o)

and likewise, N — ¢g2(a) > gi(a). By eq. (6), for all a, N — gg(oz) > g{(oz).
Since 1Y, g1, and g} are not on the same line, it follows by the definition of
g3 and g3 that 9 N — g3, and N — g3 are not on the same line.

Fig. 2 depicts the weights given by two individuals in society to individ-
uals of group 1. The horizontal axis measures the weight given by the first
individual, while the vertical axis measures the weight given by the second
individual. These weights cannot exceed N, hence the values on the weights
of group 1, when only two individuals ay and a3 can express their opinions
about these weights, must be in the square [0, N]. If everyone agrees that all
types 4,..., N receive the weight 0 and the opinions the two individuals have
on the proper weight of the third group are expressed by the vector gg, then
the box H7, j = 1,2, determined by 0 and N — ¢ = (N—gg(ozl),N—gg(ozz))
depicts possible allocations of weights members of society may wish to give
to the first two types, where the weights of type 1 are measured from 0, and

the weights of type 2 are measured from N — gg (in the direction of 0).
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N—g}

Hl
N—g3

H2

0 N

Figure 2: Proof of Lemma 7. The horizontal [vertical] axis measures the

weight given by the first [second] individual to members of group 1.

By unanimity, the function ¢1(g1) satisfies on the domain H ¢1(Ag1) =
Ap(g1). Also, given @, ... ,gfv, define

N

gi(a) =N —gi(a) = > gl(a)

1=3

Applying unanimity to ¢2(g2), we obtain for j = 1,2

o (N By Ag%) = N =3 ilgh) = Mealgd)
g N
' N—s

By Lemma 3, ¢, is linear on 7 on both sides of the chords [0 l,j=12
Because of H?, indifference curves on both sides of the main diagonal of H!
have the same slope, and because of H', indifference curves on both sides of

the main diagonal of H? have the same slope. It follows that ¢ is linear on

H'U H?. Since ¢g{ and ¢} can be chosen anywhere in the interior of H, it
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follows by standard techniques (see e.g. Weymark [16]) that ¢y is linear on
the interior of H, in particular, eq. (5) is satisfied.

Case 2. The functions f; and f7 are bounded away from N, but not neces-

sarily from zero. Let § = min{N — sup f}, N —sup f?} > 0 and define
¢ i=N-{-f.j=12
« i=57=12%
e f/=0,j=1,2i=4,....N
Obviously, fy and f; are bounded away from N and zero. By Lemma 6 and

eq. (4), for y = 1,2,

991(f1j):N_g—992(f§) (7)

By Case I, @5 is linear on the chord connecting f3 and f3, hence, by eq. (7),
eq. (5) of the lemma is satisfied for f{ and f7.
We similarly handle the case where the functions f{ and f7 are bounded

away from zero, but not necessarily from N.

Case 3. The functions f{ and f} are not necessarily bounded away from N,

nor from zero. Define
o fi=H=3N=-f)i=12
e f/=0,j=1,2i=4,....N

The functions fg and f:)]) are bounded away from NN, hence, by Case 2, ©; 1s
linear on the chord connecting f! and f?, i = 2,3. As before, it follows by
eq. (7) that eq. (5) of the lemma is satisfied for f] and f7. O
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Lemma 7 implies that ¢, satisfies betweenness: @;(f}) = ¢;(f?) implies
for all ¢ € [0,1], wi(f}) = @i((f} + (1 = () f?). Indifference sets of ¢; are
planar, and parallel on any two dimensional plane, hence ; can be repre-
sented by a linear function. By unanimity, ¢; is linear, and by the anonymity

axiom, it is the average of f;. H.
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