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1 Introduction.

The adoption of an environmental policy usually imposes costs on society, but is expected
to yield a social return in the form of a stream of benefits, e.g., health benefits from less
pollution. Those benefits, however, usually occur in the future and may be highly uncertain,
so that (as with other private or public investments) the actual return is uncertain. This
is especially true for environmental policies involving stock externalities, such as increases
in greenhouse gas (GHG) concentrations, the acidification of lakes and oceans, and the
accumulation of toxic waste. All of these problems involve long time horizons and uncertain
impacts. This paper examines the risk /return tradeoff for environmental investments and the
implications of that tradeoff for policy choice. I utilize a very simple and stylized model which
focuses on climate change, because of the long time horizon and considerable uncertainty
involved. However, the framework developed here could could easily be applied to other
environmental policy problems, such as the management of toxic (including nuclear) waste.!

Consider a policy designed to limit the accumulation of atmospheric greenhouse gases.
An example would be a simple abatement policy, implemented via the imposition of a carbon
tax. That policy would have some cost to society, but by reducing GHG emissions it would
reduce the extent of warming by some uncertain amount, and thus it would yield uncertain
future benefits. The uncertainty would arise because (a) we have limited knowledge of the
relationship between GHG concentrations and temperature; and (b) we know even less about
how higher global temperatures would affect GDP growth or other indicia of welfare. Thus
we could ask two questions. First, how large are the expected social benefits from a given
policy relative to the risk involved? Second, to what extent is the social value of the policy
(measured, e.g., by society’s willingness to pay for it) driven by expected outcomes without
the policy versus uncertainty over those outcomes.

Now consider the design of an environmental policy, such as one to limit global warming.

Alternative policies might have different impacts on the ezpected change in temperature

'For a general discussion of the nature of the uncertainties involved in environmental policies, whether
or not stock externalities are involved, see Pindyck (2007).



versus the wvariance of that change. For example, rather than (or in addition to) GHG
emissions abatement, money might be spent to improve our knowledge of how GHG emissions
affect temperature, and how changes in temperature affect economic output. Therefore a
purely research-focused policy might do little or nothing to reduce the expected change
in temperature (and hence the expected reduction in GDP growth), but might reduce the
variance of our estimates of future temperature and GDP growth. As a general matter, there
is value in reducing the expected damages from GHG emissions and in reducing the variance
of those damages. At issue is the tradeoff between the two. To what extent should policy be
aimed at reducing the expected change in temperature (and thus expected damages) versus
the variance of the change in temperature?

The framework I use to address these questions is “willingness to pay” (WTP). Consider
a policy that would substantially reduce expected future temperature increases, and possibly
reduce the uncertainty over those temperature increases. The willingness to pay for such a
policy is the mazimum percentage reduction in current and future consumption that society
should be willing to give up in order to achieve those reductions in the expectation and/or
variance of future temperature increases.? This does not mean it will be possible to achieve
these reductions given the revenues from this WTP; doing so may be more costly, or less
costly. WTP relates only to the demand side of policy, i.e., society’s reservation price for the
achievement of a particular policy objective.

In Pindyck (2011a, 2012) I calculated WTP for GHG abatement policies that would limit
future increases in temperature to some specified amount (e.g., 3°C), based on a probability
distribution for the rate of warming absent the policy, i.e., under “business as usual” (BAU).
Of course WTP depends on the probability distribution, and in particular, depends on both
the expected increase in temperature under BAU and the standard deviation of the increase
in temperature. I calculated the trade-off between the expected value of a temperature
increase versus its standard deviation under BAU as determinants of WTP. That trade-off is

the marginal rate of substitution along an “iso-WTP curve,” i.e., the locus of combinations

2T used a related measure of WTP to examine climate change policies under uncertainty; see Pindyck
(2011a, 2012). WTP has also been used in the context of climate change by Heal and Kristrom (2002).



of the expected value versus the standard deviation of the change in temperature such that
the WTP (e.g., to prevent any temperature increase) is constant. The results showed that
uncertainty over temperature change can be a stronger driver of WTP than expectations,
and thus should be a major focus of climate change policy.

That earlier work focused on the starting conditions for policy, i.e., the relative contribu-
tions to WTP of the expected value versus the variance of the change in temperature under
BAU. Here I turn to the target of policy, and examine the trade-off between reducing the
expected rate of the increase in temperature versus reducing the variance of future increases
in temperature. In particular, what combinations of drift reduction and variance reduc-
tion yield the same WTP? And then taking this one step further, suppose we can estimate
the costs of drift reduction and variance reduction. If those costs are convex (as we would
expect), we can determine the optimal risk versus expected return tradeoff.

In the next section I lay out the simple model that I will use to address these questions.
Despite its simplicity, the model captures the key features of environmental policy risk and
expected return that are of interest. In Section 3, I use the model to analyze risk and return
for a policy that reduces the expected rate of temperature increase by some incremental
amount. Section 4 addresses policies to change the expected rate of temperature increases
and/or the variance of future temperature increases, and shows how we can calculate the
willingness to pay for such polices. In Section 5 I calibrate this model to information on

global warming and its impact, and then use it to address the risk-return tradeoff.

2 A Simple Model.

I use a simple model in which an environmental stock variable, in this case temperature
change, follows an arithmetic Brownian motion (ABM) with positive drift and some volatil-

ity.® The impact on consumption is through the real growth rate of GDP, which is linearly

3In the context of global warming, the actual stock variable is the atmospheric GHG concentration,
which in turn drives temperature change, but with a lag. I ignore the lag, and thus can treat temperature
change itself as the stock variable. In the context of toxic waste, the stock variable could be the quantity or
concentration of waste material over some geographic area.



related to the change in temperature. Welfare is measured using CRRA utility. Various ex-

pectations and variances of utility can be found analytically, making the model very tractable.

2.1 Temperature and GDP Growth.

Let X; denote the anthropomorphic increase in temperature from its current level. I assume
that under “business as usual,” X; follows an arithmetic Brownian motion (ABM) with drift
and volatility ax and ox respectively. I also assume that the impact of an increase in X; is
to reduce the real rate of growth of consumption, g;. This differs from the damage function
specifications used in most integrated assessment models of climate change, where X; is
assumed to reduce consumption directly.? Theoretical arguments and empirical evidence
support the view that higher temperatures (and environmental damage in general) should
affect the growth rate of consumption rather than its level, as in the model I use here.?
The process for X, is thus:
dX = axdt +oxdz , (1)

where dz is the increment of a Weiner process. The growth rate of consumption is given by

the following linear relationship:

gt = go — Xz . (2)

4Most economic studies of climate change relate the temperature increase T to GDP through a “loss
function” L(T'), with L(0) =1 and L' < 0, so GDP at a horizon H is L(Ty)GDPy, where GDPy is but-for
GDP with no warming. These studies — see, e.g., Nordhaus (2008) — typically use an inverse-quadratic or
exponential-quadratic function. The loss function L(T') implies that if temperatures rise but later fall, GDP
could return to its but-for path with no permanent loss.

5There are several reasons to expect higher temperatures to affect the growth rate of GDP as opposed
to the level. First, some effects of warming will be permanent; e.g., destruction of ecosystems, extinction
of species, and deaths from weather extremes. A growth rate effect allows warming to have a permanent
impact. Second, there is theoretical support for a growth rate effect. The resources needed to counter the
impact of warming will reduce those available for R&D and capital investment, reducing growth. Adaptation
to rising temperatures is equivalent to the cost of increasingly strict emission standards, which, as Stokey
(1998) has shown with an endogenous growth model, reduces the rate of return on capital and lowers the
growth rate. (Also see the related study by Brock and Taylor (2010).) Finally, there is empirical support
for a growth rate effect. Using historical data on temperatures and precipitation over 50 years for a panel of
136 countries, Dell, Jones, and Olken (2008, 2009) have shown that higher temperatures reduce GDP growth
rates but not levels. Also, using economic and financial market data for a panel of 147 countries over the
period 1950 to 2007, Bansal and Ochoa (2011a, b) show that increases in temperature have a strong negative
impact on economic growth. For an analysis of the policy implications of direct versus growth rate impact,
see Pindyck (2011a).



where ¢q is the growth rate absent any warming. Thus ¢; also follows an ABM:
dg = —vyaxdt —vyoxdz = —adt — odz . (3)
Eqn. (2) implies that at any time s,
g(s) :go—as—a/osdz:go—as—az(s) ,
so consumption at a future time ¢t can be written as:

Ct — Coefo g(s)ds _ Coeggt—%atz_g f() z(s)ds ’ (4)

To measure welfare, I posit a constant relative risk aversion (CRRA) social utility func-
tion:
UC) =Ci"/(1=n), (5)
where 7 is the index of relative risk aversion (and 1/7 is the elasticity of intertemporal
substitution). At time 0, welfare (under business as usual) is then given by:

1
T—mn

Wy = —& / T Ol g (6)
0

where ¢ is the rate at which utility is discounted.

2.2 Willingness to Pay.

Suppose that with some expenditure over time, society could reduce ax and/or oy, i.e.,
reduce the expected rate of temperature change and/or the volatility of temperature change
(and hence the variance of the change in temperature at any arbitrary date in the future). Let
ax and ox be the drift and volatility of X; under BAU, and oy and ¢’y be the corresponding
drift and volatility under a policy that has a permanent cost to society of w percent of
consumption. Here oy < ax and o < ox. Willingness to pay is the maximum value of w
that society would accept to reduce ax to o'y and reduce ox to o.

Note that WTP is society’s reservation price for achieving the policy objective (ax, ox) —

(¢/y, 0’ ). However, it is a reservation price for a particular type of policy and a particular



form of pricing: At time ¢ = 0 the policy is adopted (with no option to wait for more in-
formation), and the drift and volatility of X; are immediately changed to their new values.
The payment flow, however, starts at t = 0 and continues forever, i.e., takes the form of a
permanent reduction of consumption of w percent (yielding a permanent flow of revenue to
pay for the policy objective). One might naturally argue that this is unrealistic. First, we
would expect that changing avx and/or ox should take time, and perhaps considerable time.
Second, there is little reason to expect that the flow cost of achieving this policy objective
will be a fixed percentage of GNP or consumption. Thus WTP might instead be defined as
the willingness to give up a particular time-varying percentage of consumption in return for
a shift in ax and/or ox that occurs over some period of time. However, the simplification
that I use (ax and/or ox change instantly and the flow cost is a constant percentage of
consumption) adds clarity to the basic results.

Welfare under the policy is given by:

1 — )= 00
d-w™ i“) & | C e Mdt (7)
1—n 0

Wi (O‘iXW O’A/X') =
where &) denotes the expectation at ¢ = 0 when the drift and volatility of X; are o/y and
o'x. Under BAU (i.e., no policy), welfare is:

1

Wy =
2 1_77

& /0 T olnetgy | (8)

where & is the expectation under the original drift and volatility, ax and ox. Then WTP
is the value w* that equates W; and W5. Note that w* is a percentage of consumption. (I
will treat GDP and consumption as interchangeable, and assume that all losses from higher
temperatures, including health and ecosystem damage, can be monetized and included in
GDP.)

From eqns. (2) and (3), the drift and volatility of temperature correspond to a drift and
volatility of the real growth rate g, i.e., @ = yax, 0 = yox, & = yd/yx, and ¢/ = yo%. In
what follows I will refer to changes in v and o rather than ax and oy.

Suppose that under BAU, the drift and volatility of ¢ are ay and o( respectively. If

we specify a target drift and volatility, o and o', we can calculate the WTP for a policy



that would achieve this target. Suppose that WTP is wj. We are interested, however, in
the tradeoff between drift reduction and variance reduction as targets of policy. That is, we
want to know what combinations of drift reduction and variance reduction will yield the same
WTP, w}, assuming we start at oy and op. We can compute the locus of such combinations
and thereby obtain an “iso-W'TP curve,” i.e., combinations of o and o for which, starting
at ag and oy, all have the same WTP.

An iso-WTP curve is illustrated in Figure 1. Point A is the starting drift and volatility,
and points B and C are two targets, both of which have the same WTP of wj = .03. Moving
from A to any point on the curve will have the same WTP of .03. Note that « increases as
we move down the vertical axis, so the curve represents a social indifference curve between
expected return (a lower value of o) and risk (a higher value of ). It is thus analogous to the
return-risk indifference curve of an investor choosing a portfolio of equities and a risk-free
asset. The figure also shows another iso-WTP curve, labelled w} = .05; moving from o and
0o to any point on this curve would have a WTP of .05.

If we knew the cost of reducing o and the cost of reducing o, we could plot an iso-cost
line. If those costs were linear in the change in o and the change in o, the iso-cost line would
be a straight line, as drawn in Figure 1. Its tangency with the iso-WTP curve wi = .03
at point B is the cost-minimizing target combination of @ and o. There are other target
combinations of o and ¢ that have a WTP of .03, but they would be more costly to achieve.

In Figure 1, moving from point A to point B has the same WTP = .03 as moving from
point A to point C. We can also calculate the combination of starting values for oy and
oo that yield the same WTP = .03 when moving to point B. Doing so is useful because
it allows us to determine combinations of temperature drift and volatility under BAU that
have the same welfare implications. In other words, how important is the expected change in
temperature (under BAU) relative to its variance as determinants of the demand for policy?

This is illustrated in Figure 2, which shows two iso-WTP curves. Curve 1 gives combi-
nations of starting values oy and o such that the movement to point B has a WTP = .03.
Thus w*(A — B) = w*(D — B) = w"(A — C) =.03. But w*(D — A) =w*(B—C)=0,

so w*(D — C') = .03. Thus moving from any point on Curve 1 to any point on Curve 2 will

7



have the same WTP.

The iso-WTP and iso-cost curves in Figures 1 and 2 are just illustrative examples. Later
[ will calibrate this simple model of global warming given by eqns. (1) to (5) to a set of
estimates of temperature change and confidence intervals compiled by the IPCC (2007),
and use the calibrated model to obtain iso-WTP curves along the lines of those shown in

Figures 1 and 2.

3 Risk and Return for Policy Outcomes.

Consider an emissions abatement policy that reduces the expected growth rate of tempera-
ture and thereby increases the expected rate of growth of consumption. Putting aside the
cost of the policy, we want to compare the expected benefit to the uncertainty over that
benefit, i.e., compare the expected return to the riskiness of that return. To do this, I begin
with a simple two-period example in which consumption today is known but consumption
at a future time 7' is uncertain. I examine the benefit that results from a small increase
in the drift of the growth rate (which would result from a small decrease in the expected
rate of increase of temperature). I then turn to a continuous-time model, and again consider
a policy that results in a small increase in the drift of the growth rate. Of interest is the

expectation and variance of the cumulative return from the policy over the entire horizon.

3.1 Two Periods.

In this simple case, Cy = 1 and C'r is uncertain, the outcome of the stochastic growth process,

as given by eqn. (4). Given a and o, welfare is stochastic and is given by:

Wr = ﬁ [1 + (O}‘"e—‘”)] (9)

Now consider a policy that results (at ¢ = 0) in an incremental decrease in «. The (stochastic)

return (in terms of increased welfare) from that policy is

OWr 1 0 1—n 5T

"ol = " __1—77£ r

(10)



Note that
Ol — 0 Jy gs)ds

and from eqn. (3), the growth rate g(s) at time s > 0 is given by

g(s):go—as—a/sdz:go—as—az(s).
0

Thus
Cq{—n _ 00T =5(1=n)aT?~o(1- n)f 2(s)ds ’ (a1
and
8 p—
" 9a T =30 —-n)TC". (12)

The (stochastic) return is thus
For = $T°Cr ™" (13)

We want the expectation and variance of this return. The Appendix gives formulas for

the expectation of Cp and C7". Using those formulas, the expected return is:

1 0
a— ( 7 i —”) = 172 (CF e T
— %T e poT sa(1-n)T?+¢o?(1-n)2T? (14)

where
po =0+ (n—1)go

. Note from eqn. (12) that

Using results in the Appendix to get & (Ca "),

5 2
& (@O%—n> — i(l n)2T e 20T~ a(l=n)T*+30°(1-n)*T?



Thus the variance of the return is given by
V(rar) = &(Fip) —Top
= T (CTTe T — 72y
_ iT4€—2POT—a(1—n)T2+%UZ(1—77)2T3 . iT4€—2POT—a(1—n)T2+%UZ(1—77)2T3
—  lpdg=2p0T—a(l-n)T?+50%(1-n)°T? [6%02(1—?7)2T3 — 1]
1
= ITY&(CT e T Rles” (=0T ] (16)
The standard deviation of the return is
SD(rar) = §T°€(Cy")e " [es (1" — 1]1/2 (17)

One way to characterize the relative riskiness of this return is by its Sharpe ratio, i.e.,
the ratio of the expected return to its standard deviation. From eqns. (14) and (17), the

Sharpe ratio is

ToT 11 _.\2.-273 -1/2
Sa R cl— (1 ?7) o°T _ 1 1
T SD(rar) [63 } (18)

The Sharpe ratio is useful because it summarizes the effects of changes in various parameters,
such as volatility, o. As can be seen from eqns. (14) and (17), and increase in o causes an
increase in both the expected return and the standard deviation of the return. But the effect
on the standard deviation is larger, so that an increase in ¢ causes a decrease in S,7r.

Note the Sharpe ratio does not depend on the drift, a. The reason is that the exponential
growth rates for both the expected return and the standard deviation include the factor
%a(l —n)T?, so this factor cancels out of the ratio. Also note that if n # 1, S,y — 0 as
T — oo. The reason is that the standard deviation of the return grows faster with the time
horizon than the expected return. Finally, as we would expect, an increase in the index of

relative risk aversion, 7, leads to a decrease in the Sharpe ratio.

3.2 Continuous-Time, Finite Horizon.

Now suppose we have a horizon T so that welfare is given by the integral of discounted utility

over t = 0 to T'. Taking future consumption as unknown, welfare is:

~ R A T
W:—/ Ol e tdtz/ Wdt . (19)
1—nJo 0

10



Thus W, is (uncertain) discounted utility at time ¢ > 0.
Once again we consider a policy that increases a incrementally. As before, it is easily

seen that the (uncertain) return from this policy is
T ) T N
Fo = / 120} ettt — / L1 — )Wyt | (20)
0 0

We can now examine returns over the full time horizon.
We want the expectation, standard deviation, and Sharpe ratio for the cumulative return

over the horizon 0 to 7', 7,. The expectation is straightforward; it is simply
_ / 1t2€ C —étdt _ /T %t26—p0t—%a(l—n)t2+%02(1—n)2t3dt ) (21)
0
The variance is V(7)) = & (72) — 72, so we need to find
T 2
E(r?) =& (/ %tthl_"e_étdt> (22)
0

We can write the integral as:

j=0
N N
~ ZZ%,E 201 7701 n,—0(i+j) (23)
i=0 j=0
where N = T'/At.
As shown in the Appendix,
Eo(CICI) = RO (-man(i4) +0(6) (24)
where
b(i, 7) = 350 (1 = )*(i + j)° — 5a(1 =) (i* + 5°) . (25)
Setting Cy = 1 and letting At — 0,
/ / 1t2 2 ,—po(t+5)— Sa(l=n)(3+52)+ 0 (1=m)2(t+)° g1 g (26)

Using eqns. (21) and (26), we can find (numerically) the expectation, standard deviation,

and Sharpe ratio for the cumulative return 7. Figure 3 shows the Sharpe ratio as a function

11



of o for three values of 7, using a time horizon of 7" = 150 years. (The value used for o and
the range for o come from a calibration to climate change information that will be discussed

later.)

4 WTP and Policy Targets.

In the previous section I considered marginal policies, i.e., policies that would result in a
marginal reduction in «. This allowed for a simple characterization of such policies in terms
of a Sharpe ratio. I turn now to policies that would result in a substantial change in the
drift @ and/or the volatility o, and evaluate those policies in the context of willingness to
pay. I begin with policies for which changes are made at one or more discrete points in time.

This is simpler than the continuous-time case, which I turn to next.

4.1 WTP: Consumption Now and at Future 7.

Again, Cy = 1, and C7 is uncertain. Under BAU (no abatement policy), o = ap and o = 0.
We want to find the fraction of current and future consumption society would give up to
decrease o and /or decrease o. Define a(ar,01,T) = —(1/2)ar (1 —n)T?+ (1/6)c3(1 —n)*T>.

Then to obtain the WTP to move from («, 0¢) to (ay,01), write the social welfare for this

change as:
1-— )"
WlT — [ w(olélaab )] [1 —|—6_pOT+a(a1’Ul’T)] ) (27)
-0
Under BAU, welfare is
1
War = - [1 + 6—P0T+a(ao7007T)] (28)
-0

Equating Wi and War yields the WTP for this change:S

1
1 4 e—roT+alao00,T) ] 7=

w (Oél, 01, T) =1- 1 + e—p()T+a(0£170'17T)

where py =0 + (n — 1)go as before.

60f course it may or may not be possible to shift from (g, ¢ to a1, 01). This WTP is simply the most
society would sacrifice for this change in a and o, were it feasible to do so with the resulting revenue.

12



We would like to generate iso-WTP curves, i.e., different combinations of («/,¢’) such
that w*(o/, 0, T') = w*(ay, 01, T). This would describe a “risk-return” trade-off, i.e., a trade-
off between decreasing o and decreasing ¢ that yields the same WTP as for moving from
(v, 00) to (aq,01). For this simple two-period case, this is easily done analytically. Let a(7")
denote the function a with a and o set to their starting (calibrated for BAU) values of ag

and 0¢. Then using eqn. (29), w*(</, o', T) = w* (a1, 01, T) implies:

a(d, 0", T) = a(ay, 01, T) (30)
which in turn implies that
3(a — )
P G 31
o \lal + (1 . 77)T ) ( )
or equivalently,
o =1+ 3(1—n)T(6”—07) . (32)

Thus moving from (ag, o) to any combination (¢, ¢’) that satifies eqn. (32) will have the
same WTP = w*(ay,01,T).

The slope of the iso-WTP curve is the marginal rate of substitution (MRS) between the
two policy targets, o/ and ¢’. From (32), the MRS is:

/
MRS — % _ %a’(l _ )T (33)

Note that as T' increases, the MRS becomes larger in magnitude, i.e., it takes larger and
larger increases in o to compensate for any given reduction in ¢’. (This is because of the
o?T? term versus o7 in the function a.)

It is important to keep in mind that the (¢/,0’) combinations on the iso-WTP curve
represent different ending positions that result from a policy. In other words, we are always

starting from (g, o). All policies that move from this starting position to an ending position

on the curve have the same WTP.

4.2 Multiple Time Periods; Action at t = 0.

Suppose there are n 50-year time intervals: 17 = 50, Ty = 100, ..., T;, = 50n, and suppose

we can decrease o and/or reduce o starting immediately by reducing consumption now (i.e.,

13



at t = 0) and at every future 7; by some fraction. In this case, to find the WTP to move

from (o, 0p) to (ay,01), write the welfare measures W; and Ws as:

1— 1=n "
Wl _ [ wl(ofa Ul)] [1 + Z 6—pOTi+a(a1,01,Ti)] (34)
n i=1
1 n
Wy = - ; [1 + Z 6_P0Ti+a(a070077Ti)] (35)
=1

Thus to obtain w*(ay, 0y1), just replace eqn. (29) with:

_1
14+ 2?21 e—roTita(a0,00,,Ti) ] T=n

w*(ay,01) =1— (36)

1+ Y7, e rolitalarorT)
As before, we can generate “iso-WTP” curves, i.e., different combinations of (¢, ') such
that w*(o/,0') = w*(ay,01). These “iso-WTP” curves will depend on n because as we saw
above, the do?/da that keeps Wy fixed varies with T'. Also, we cannot generate these curves
analytically. From eqn. (36), the («/, 0’) that gives the same WTP as («y, 01) is the solution

of:
ie—pgTi—l—a(a’,a’,Ti) _ zn: o—poTi+a(ar,o1T) (37)

i=1 i=1
Eqn. (37) can be solved numerically for combinations of o and o’.

Eqn. (37) applies to a specific WTP, namely the WTP that applies to moving from
(v, 00) to (aq,01). Starting from (ag,00), however, we can find combinations of o' and
o’ that yield the same arbitrary WTP. Denoting the arbitrary WTP by w*, we find the
combinations of o' and ¢’ by solving:

i e—PoTita(e’ 0"\ T;) _ (1— w*)n—l ll + i e—poTitalaoo0, 1) | 1 (38)

i=1 i=1
4.3 WTP: Continuous Time, with Immediate Action.

Welfare over some future time horizon, with no policy intervention, is given by

Wy = —— / ~ mtralanont) gy (39)
1—nJo
Now once again consider a policy that would move from («g,0g) to (a1, 01). Denote the
WTP for this policy by w;, and note that with the intervention, welfare is:

1 00
Wi= o [ (1= )t mielenenigy (40)
1—nJo
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where once again, a(ay,01,t) = —(1/2)ai(1 — n)t? + (1/6)0?(1 — n)?t3. Equating W and

Ws, we get:
1
G(Oél,O'l) n=1
=1—-|—1— 41
w [G(%UO) , (41)
where
G(Oéo,Uo) :/ e—ﬁot—l—a(ao,cro,t)dt’ (42)
0

and likewise for G(a1, 01). Thus, given starting values of a and o (based, say, on a calibration
of a future T" against the IPCC or other distributions), we can calculate the WTP to increase
a and/or decrease o.

As before, we would like to obtain iso-WTP curves, i.e., combinations of o’ and ¢’ for
which the WTP is again w;. This can be done numerically by finding combinations of o’
and o’ that satisfy

G(d,0") = G(ay, 01) . (43)

We can also obtain combinations of o/ and ¢’ for which the WTP is equal to some arbitrary

number, w. From eqn. (41), we find those combinations that satisfy
G, 0') = (1 — )" Glao, 00) . (44)

Finally, note that the integration over time cannot be carried out over an arbitrarily large

horizon. It is necessary to limit the time horizon to some number of years, e.g., 200 or 300.

5 Calibration and Results.

Although it is exceedingly simple, the model specified in Section 2 can be informative about
risk and return in the context of climate change policy. In this section, I calibrate the model
by determining values of the parameters ax, oy, and v that are consistent with recent
studies of global warming and its impact. I then calculate iso-W'TP curves and discuss their

implications.
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5.1 Calibration of o« and ¢ under BAU.

The most recent IPCC report (2007) states that growing GHG emissions (i.e., under BAU)
would likely lead to a doubling of the atmospheric COqe concentration relative to the pre-
industrial level by mid-century, which would “most likely” cause an increase in global mean
temperature between 2.0°C to 4.5°C by 2100, with an expected value of 2.5°C to 3.0°C. The
IPCC report indicates that this range, derived from the results of 22 scientific studies the
IPCC surveyed, represents a roughly 66- to 90-percent confidence interval, i.e., there is a 5
to 17-percent probability of a temperature increase above 4.5°C. The 22 studies surveyed by
the IPCC also provide rough estimates of the outer tail of the temperature distribution. In
summarizing them, the IPCC translated the implied outcome distributions into a standard-
ized form that allows comparability across the studies, and created graphs showing multiple
distributions implied by groups of studies. Those distributions suggest that there is a 5%
probability that a doubling of the COse concentration relative to the pre-industrial level
would lead to a global mean temperature increase, T, of 7°C or more.

I will use, for a horizon of 100 years, £(X) = 3°C and a 5% probability of a temperature
increase > 7°C. The 5% point is 1.65 standard deviations above the mean (because eqn. (1)
implies that T} is normally distributed), so one standard deviation is 4/1.65 = 2.42. Thus
ax =3/100 = .03, and ox = 2.42/\/W = 0.242. More recent studies have larger numbers
for the expected temperature change and for the 5% point, but I will use these earlier
(perhaps overly optimistic) estimates for now.”

We need the process for the growth rate g;, and thus we need an estimate of . To obtain
v T use eqn. (51) for expected future consumption, combined with estimates of the expected
loss of GDP at a specific temperature change. As in earlier work, I use the IPCC (2007)
estimates that the loss of GDP resulting from a temperature change of 4°C is “most likely”

in the range of 1% to 5%. 1 will use the upper end of that range, i.e., 5%. Thus, I take

"For more recent estimates of the temperature change distribution, see Sokolov et al (2009). For more

recent — and much more pessimistic — estimates of the impact of higher temperatures on the growth rate,
see Bansal and Ochoa (2011a, b).
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oy = .04, ie., E(Xipo|ay = .04) = 4°C. Using eqn. (51), for ¢t = 100,

&(C) = egot—(1/2)04’;(“11524'(1/6)03(“/2153 — 0590t ’

so that
— 305yt + 0%yt =1In(.95) (45)

Substituting ¢ = 100, oy = .04 and ox = .242 yields the following quadratic equation for ~:
7 —.02057 + .00000312 = 0

If ox =0,y =.000152, so we want the smaller root of this equation, which yields v = .00025.

Thus we have axy = .03, ox = .242, and v = .00025, so that a = axvy = .0000075 and
o = ox7y = .000061. These are the values for a and o that correspond to the starting values
(v, 09) when calculating WTP and iso-WTP curves.

Parameter Values. WTP also depends on the index of relative risk aversion 7, the rate
of time preference 9, and the base level growth rate go. Thus we must select values for these
parameters.

The finance and macroeconomics literatures have estimates of 1 ranging from 1.5 to 6,
and estimates of J ranging from .01 to .04. The per capita real growth rate gy, measured
from historical data, is about .02. It has been argued that for intergenerational comparisons
0 should be close to zero, on the grounds that society should not value the well-being of
our great-grandchildren less than our own. Without taking sides in that (essentially ethical)
argument, [ set § = 0 for the calculations that follow. (For values of § of .01 or higher, WTP
is close to zero, and it is difficult to justify any abatement policy.)

Likewise, while values of n above 4 may be consistent with the (relatively short-horizon)
behavior of investors, we might apply lower values to welfare comparisons involving future
generations. In the (deterministic) Ramsey growth model, the optimal savings rate is s* =
(R—6)/nR, where R is the consumption discount rate and return on investment. If R = .04
and § = .02, s* = 1/2n, suggesting 7 should be in the range of 2 to 4. Lower values of 7
result in a higher WTP, so I generally set n = 2.
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5.2 Results.

I calculate iso-WTP curves using the parameter values discussed above. Figure 4 shows
three iso-WTP curves, generated using starting values for @ and o based on the calibration
discussed in the next section. Other parameters are go = .02,0 = 0,7 = 1.5, and the horizon
is T" = 300 years. The starting drift and volatility are oy = .0000075 and oy = .000061,
shown as the small circle at the bottom of the diagram. The WTP is calculated to reduce
a to zero, but leave ¢ unchanged, and turns out to be .0450. (The WTP is large because
[ am using a relatively low value for the index of risk aversion, 77.) The curve shows other
combinations of a and o that (relative to the starting values o and o) also have a WTP
of .0450. The other two curves show combinations of o and ¢ that, starting from «q and oy,
have WTPs of .03 and .06. (Note that all values of o on the top curve are negative.)

Figure 5 shows an iso-WTP curve (labeled B) for the same starting value of the drift,
ap = .0000075, but a higher starting value for the volatility, g = .00012, and now n = 2.
The WTP to reduce a to zero is now only .0144 (because of the larger value of n). The
curve labeled A shows alternative combinations of starting values for ay and o that give
the same WTP = .0144 for any target on curve B. Thus shifts from any points on curve A
to any points on curve B are welfare-equivalent.

Finally, based on the original starting values oy = .0000075 and oy = .000061, with
n = 2, Figure 6 shows an iso-W'TP curve that plots combinations of target values of o and
o that have a WTP of .02. Using rough cost estimates based on the IPCC (2007), I have

also plotted the iso-cost line that is tangent to this iso-WTP curve. The iso-cost line is:
C = .02 =2350(ag — &) + 14(00 — &)

This iso-cost line is based on a relatively high cost of reducing o (which might reflect the
IPCC’s focus on abatement policies. In any case, taking these cost numbers at face value,
the cost-minimizing target would reduce o only slightly and reduce « from .0000075 to about

.00000715.
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6 Concluding Remarks.

Using a simple model of a stock externality (e.g., temperature) that evolves stochastically, I
examined the extent to which the value of a GHG abatement policy depends on the expected
future benefits from the policy versus the riskiness of those benefits. 1 also presented a
framework by which one can estimate the extent to which the objective of policy should
be a reduction in the expected future damages versus a reduction in the uncertainty over
those damages. The framework is based on the computation of “iso-WTP” curves (social
indifference curves) for combinations of risk and expected returns as policy objectives. Given
cost estimates for reducing risk and increasing expected returns, one can then compute the
optimal risk-return mix for policy.

In the case of climate change, there is a broad consensus on the expected rate of temper-
ature increase under BAU — about 3°C. There is considerable disagreement, however, over
the nature and extent of uncertainty around that expected value. That disagreement relates
to the choice of probability distribution that best applies to future temperatures (and in
particular whether it should be a fat- or thin-tailed distribution), and to the parameteriza-
tion of any particular distribution. I have used a simple (thin-tailed) normal distribution to
describe temperature change, but the model can be extended to incorporate alternative dis-
tributions (resulting from alternative stochastic processes for X;). The framework presented
here can be used to evaluate the implications of alternative characterizations of uncertainty
for determining the targets of climate change policy.

There are other ways in which the framework presented here can be expanded to treat
more realistic policy options. First, one can make the change in « and o occur gradually over
some period of time, and one can make the flow cost of the policy time-varying (although
both changes would be at the cost of greatly complicating the numerical solution of the
model). Even maintaining the simple framework used here (in which the change in o and o
occur instantly and the flow cost is a constant percentage of GDP), the framework can be

extended to making the timing of policy implementation endogenous.
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Appendix: Some Expectations

There are some key expected values that are used throughout this paper. They are
derived below, beginning with & (C/} ™).

Expected Utility. Denote F(C,g,s) = &(C/;™™), for t > s. Then F must satisfy the
following partial differential equation (i.e., Kolmogorov Forward Equation):

dF = $0°F,g — aFy + gCFc+ F, =0 , (46)

with boundary conditions F(C,g,t) = C;™" and F(0,g,s) = 0. Try, and then verify by
substitution, a function of the form:

F(C,g,s)= C;—ne(l—n)gs(t—SHa(S) ) (47)
The partial derivatives are:
Fy = (I=n)t—s)F
Fyg = (1- n)?*(t —5)°F
Fe (L=n)F/C
Fo = [-(1=n)gs+d(s)|F

After substituting into eqn. (46) and dividing through by F', we have:
d'(s) = —50°(L = n)*(t — s)* + a(l —n)(t — ) (48)
so that the function a(s) is:

a(s) = 5o (1 —n)*(t — s)* — 5a(l —n)(t — 5)* . (49)

Note that if n > 1 and o > 0, a(s) > 0.
Thus starting at time s = 0 with Cy = 1,

50(0151_77)6_& _ 6—5t+(1—n)ggt—(1/2)a(1—77)t2+(1/6)02(1—77)2t3 ‘ (50)

Note that if > 1, as t increases, E(C} ") first decreases and then eventually increases
without bound. Thus the integration over time to compute welfare must be done for a finite
horizon.

Expected Consumption. We will also need an expression for &(C;). Following the
same steps as above it is easy to show that if Cy =1,

gO(Ct) _ 6got—(1/2)04152—1—(1/6)02153 ‘ (51)

Note that if a® > 2goo?, E(C}) is first increasing in ¢ up to a local maximum, then will
decrease to a local minimum, and then increase without bound. But if o? < 2gyo?, then
Eo(Cy) will always be increasing in ¢.
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Expectations of Products. We will want to calculate the variance of the return from
an abatement policy. To do this we need the expectation of Cil_"C; ~" for two different future
times ¢ and 7. Denote G(C, g,s) = SS(CZ-I_"C;_") for i,j > s. Then G satisfies the following

Kolmogorov Forward Equation:
dG = 16°Gyy + aGy + gCGc + Gy =0,
Try and confirm that the solution has the form:
G(C,g,s) = 082(1—?7)6(1—?7)9s[(i—8)+(j—8)]+b(8) )
Substituting the partial derivatives Gy, G4, etc. into eqn. (52) yields
V(s) = —Lo®(1— )i = 5)+ ( — &) + all = )i =)+ (j — 9)]

so that the function b(s) is:

b(s) = 50 (L=m)*[(i = s) + (j = 8)F = (L = n)[(i — )" + ( — 5)°] -

(52)

(53)

(54)

(55)

I use this result when calculating the variance of incremental returns from an abatement

policy.
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Figure 1: Iso-WTP Curves and Iso-Cost Line
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Figure 2: Iso-WTP Starting Curve and Target Curve
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Figure 3: Sharpe Ratio vs. Sigma (go = .020, § =0, n = 2,3,4)
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Iso-WTP Curves
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Figure 4: Iso-WTP Curves (go = .020, 6 =0, n = 1.5)
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Iso-WTP curve for combinations of o and ¢
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Figure 5: Iso-WTP Starting and Target Curves (go = .020, § =0, n = 2)
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Figure 6: Iso-WTP and Iso-Cost Curves (go = .020, 6 =0, n = 2)
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