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Prelim nary and i nconpl ete.

1. I NTRODUCTI ON

Friednan's argunent for a stable rate of growth in the noney
supply (a k%rule) is based on the claimthat noney plays an
i mportant role in causing the business cycle. Since his pioneering
work with Anna Schwartz (Friedman and Schwartz [1963]) the inportance
of nmoney for causing the business cycle has been questioned first by
Tobin (1970) and | ater by the real business cycle literature. For
exanpl e, King and Pl osser (1984) argue that "G ven the controversies
surroundi ng the mai n contendi ng hypot heses concerni ng noney and
busi ness cycles...it seens worthwhile to consider alternative
hypot heses". Lately there has been a renewed interest in nonetary
policy partly due to enpirical work that find a significant effect of
noney on real variables. See for exanple, Clarida, Gali and Gertler
(1999) and the references in this article.

Does the policy recomendation for a k% rul e depend on the
strength of the correlation between noney surprises and rea

variabl es? Here | attenpt to answer this question using a sticky
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price framework in which sellers choose both prices and quantities
optimally. Thus | attenpt to integrate the disequilibriumliterature
pi oneered by Patinkin (1965), Cower (1965) and Barro and G ossnan
(1971) with the new Keynesian economnmics literature.

The new Keynesi an economics literature that began with Svensson
(1986) and Bl anchard and Kiyotaki (1987), assunes that prices are
chosen optimally whenever these choices are made and the firm nust
satisfy demand at its pre-announced price. Allowing firns to choose
both prices and quantities is achieved at the cost of added
conplexity. There are two nmain benefits for doing that. First we can
use such nmodels for policy anal ysis because nodels that are based on
optim zation are inmune to the Lucas (1976) critique. Second, the
nodel s shed new | ight on the does noney matter question. It is shown
that nmoney may nmatter froma wel fare point of view even in the
absence of a correlation between noney surprise and enpl oynent.

The plan of the paper is as follows. | start with a sinple new
Keynesi an nodel. | then add the quantity to the list of choice
variables. This is done in two ways. The first uses the standard
Dixit-Stiglitz approach for nodelling nonopolistic conpetition. The
second uses McFadden's randomutility maxi m zati on approach. The
equi libriumcorrel ati on between noney surprises and enploynent is
different across the three cases we consider but in all cases a k%

rule is optimal.

2. A SIMPLE NEW KEYNESI AN TYPE MCODEL

This nmodel is based on the work of Blanchard and Kiyotak

(1987) and Wbodford (2001). They assune that noney is in the utility

function. Here | use a cash-in-advance nodel .



There is a conti nuum of neasure one of infinitely lived
househol ds, where a household is a worker/shopper pair. The shopper
takes the avail abl e cash and spends all of it. The worker produces
and sells his output for cash. At the end of the period both nenbers
of the houshold reunite and consune whatever the shopper has bought.

Each househol d produces a different good and consunes al
goods. His single period utility function is of the Dixit and

Stiglitz (1977) type:

(1) 122 (1Y - v,

where 0<y < 1 and v(L) =(M2LZ

The typical household i starts the period with m normal i zed
dollars and gets a transfer of x normalized dollars, where a
normal i zed dollar is the beginning of the period noney supply.1 The
amount of transfer x is ani.i.d randomvariable with a density
function ¢@(x). It is assuned that B - 1 < X < o so the noney growh
rate cannot be bel ow the Friednan rule.

The buyer takes the nornalized prices (po,...,pl) as given and
spends the entire avail abl e anobunt of m + X normal i zed dollars on

all goods. Buyer i solves:

1 vy 1y 1 _
(2) rraxyj [zj:O (yj) ] s.t. Zj:O pjyj =m + X

The first order condition for the buyer's problem (2) are:

1 Thus, we divide all nom nal magnitudes by the pre-transfer noney

supply.



(3) (v Y™ = pylpy

| use 8 = 1/(y- 1) <0 and (3) to solve for yj as a function of

(Yo P

K pl). Thi s yi el ds:

(4) Y.

— 0

We now substitute (4) in the budget constraint (Zj pjyj =m + X) to

get:
- 0 1+6
(5) yp = (M +x)(p) 7Tz (p)
Using z = 1/Zj (pj)l+e and symetry, household' s i denand for
product j is yj = z(pj)e(n} + X) and his utility fromconsunption is:
- _ 0.y, 1y
(6) Fem o+, p7h g = {51 + xz(p) 1YY,
i . .
where p = (po,...,pi_l,pi+l,...,p1) is the prices posted by other

sellers. Since there is a continuum of agents the effect of any
single price on Fis small. W therefore wite F(m + X, p'i) i nst ead
of F(m + X, p'i D

Qur normalization inplies Zj n} = 1. Nom nal spending per
househol d is therefore 1 + x and the aggregate denand for product
is:

_ 0 _ 0

(7) Y =z(p)7F (M +x) =2(p) (1 +x).

Using the aggregate demand (7), we conpute next period's

bal ances (in ternms of next period's nornalized dollars):



(8) m o= ey /(1 x) = 2(p)

Not e t hat next period' s noney does not depend on x. It depends only

_)1+Q

on the relative price: (pi)1+e/% (m

The individual seller takes p'I and z as given and assunes t hat
the normalized prices charged by others will not change over tine. He

chooses his price p; by solving the following Bell man's equation
(9) V(m p ') = Ex{F(m+x, p')}

+max Ex{- VI(1 +x)2(p) ) + pvz(p) M p7T),
|

where Ex denotes expectations with respect to x. The first order

condition for this problemis
(10) E{v' [(1 +x)2(p) ¥ (1 +x)(p)-1} =

= v [z(p) 1 (1+0)10 = BV (2(p) O v.

To provide an intuitive explanation of (10) we consider the
effect of a small increase in the price p; for a given realization of
X. By increasing the price p; the seller reduces demand and
producti on. The ampbunt of output reduced is given by the absolute
val ue of the derivative of (7) which is: ez(pi)e_l(l + x). The cost
reduction benefit is therefore: - (v')ez(pi)e_l(l + x). The increase
in the price p; will also |ower next period s balances by the

absol ute value of the derivative of (8), which is: - (1 + e)z(pi)q



The loss of utility associated with that is: - BV (1 + e)z(pi)q
Since at the optinmum the cost reduction benefits nmust equal the |oss

of utility due to the |oss of revenues we get (10).

Equi librium

In equilibriumpj =p for all j, z = 1/Zj (p.)1+e = p'(1+9) and

J
zpe = p'l. Substituting this in (6) we get the utility from

consunpti on:

(10 1% (2(m+ ) ()N YY = [(z(m+ 0pH MY = (m+ 070,

0 -1

It follows that V' = 1/p. Substituting zp~ = p and V' = 1/pin

(10), we get the equilibriumcondition

(12) Ex{v' [(1 + x)/p](1 + x)} = Bv.
Since v'' >0, the left hand side of (12),

a(p) = Ex{v'[(1 + x)/p](1 + x)}, is decreasing in p and we get a

uni que solution as in Figure 1

Py

aipl

T =

Figure 1



Note that the demand elasticity in absolute val ue
|86 = 1/(y - 1)| is an increasing function of y. Thus high y neans | ow
nonopoly power. W can use Figure 1 to do sone conparative statics
Increasing By leads to a reduction in the equilibriumlevel of p and
to an increase in average production. Thus, not surprisingly, |ow
nonopoly power is associated with high output. Low tine preference is
al so associated with high output because of the delay in the paynent
for the |l abor effort assumed in the cash-in-advance nodel.

Substituting v(L) = (Y2 L? and v' (L) = L in (12) leads to:

p = Ex(1 + x)Z/By The equilibriumlabor supply is therefore:

(13) L(x) = (1L +x)/p =BYL + x)/Ex(1 + x)2.

Opti mal nmonetary policy:

A social planner in this environnent will solve:
yy Uy - (1 2
(14) mx [Z ()1 - 5 [v(y)) = (Y2 (y)) 7]

The solution to the planner's problemis: yj = 1 for all j.

The equilibriumoutcone (13) coincides with the planner's
optimum (14) only if we choose a non-randomrate of change
1 + u =Ry This policy works in our nodel because we assuned that
buyers spend whatever they have. It will not work if we relax this
assunption because the rate of return on noney when 1 + p = By is
1/By > 1/ B. Therefore the buyer will not spend in this case. This

nmeans that equilibrium does not exist when 1 + u = By. W therefore



assuned that B - 1 £ x < o so the noney growh rate cannot be bel ow
the Friedman rule.

The optimal policy under the constraint that 1 + u = B is the
Friednan rule: 1 + u = B. To see this claimnote that at the Friednman
rule (16) inplies L(x) =y < 1. This neans that the marginal cost is
| ess than the social benefit and therefore increasing pis not
desi rabl e.

Can we benefit by increasing the variance of x and keeping
L(x) = y on average? The answer to this question is also in the
negative because the cost function is convex and the equilibrium

utility fromconsunption is |inear.

Are the inplied quantities optinmal?

Ex- post after observing the realization of x and after the
conmitment to price was already made, the seller will want to satisfy

demand i f:

(15) V(1 + x)/p]l <P(L+ x).

To see this claim note that supplying an additional unit wll
bring p current nornalized dollars in additional revenues or
p/ (1 + x) next period's nornalized dollars. The margi nal benefit from
doing it is therefore BVip/(1 + x) = B/(1 + x). Condition (15) says
that this is worth doing if the narginal cost, v'[(1 + x)/p], is less
than the nargi nal benefit.

Substituting p = Ex(1 + x)Z/By and v' (L) =L in (15 leads to

the foll owi ng condition:
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(16) (1 + x)2/Ex(1 + x)2 < 1/y for all possible realizations of x.

VWhen yis close to unity and nonopoly power is |low, then
condition (16) will be violated for relatively large realizations of
X.

To illustrate, | consider now the special case in which x may
take two possible realizations: x = 0 and x = g with equal
probability of occurrence. | calculate the level of y (y) for which
(16) holds with equality for the followi ng four cases: g = 0.1, 0.2,
0.3, 0.5. As can be seen fromTable 1 the critical value of yis in
the range: 0.91 to 0.72. The last rowin the Table is a cal cul ation

of the expected markup (EM for B = 0.96 and for the appropriate y°.

Table 1': The critical value of y and the expected markup (EM)

g= 0.1 0.2 0.3 0.5
Ex = 0.59 0.05 0.1 0.15 0.25

= 0.91 0.85 0.8 0.72
EM = 15 2.6 2.7 4.6

*

The first rowis the choice of the higher realization of x (g).
Since the lower realization of x is zero the expected value of x is
0.5g. This is given by the second row. The third row conmputes the
| evel of y for which (16) holds with equality. The expected markup
is calculated in the | ast row according to:

EM = Ep/v' [L(x)] = Ep/L(x) = Ep/(1 + x)/p = p2E[1/(1 + x)].
Substituting p = Ex(1 + x)ley yi el ds:

EM = E[1/ (1 + x)][Ex(1 + x) %1%/ (By)%. V& use B = 0.96 and y = \ to
get: EM= E[1/(1 + )] [Ex(1 + x)21%/ (0. 96y) 2.
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Christiano, Ei chenbaum and Evans (1997) calibrate a sticky
price nodel and say that there is little independent evidence on the
value of y (1/pn in their notation). In their benchmark
paraneterization they follow Hornstein (1993) and use y = 0.83. The
i mplied average mar kups seens to be hi gh even when we choose
y = 0.91. Therefore, a choice of y > 0.91 seens appropriate. This
choi ce suggests that condition (16) is likely to be violated even if

t he expected rate of change in the noney supply is I ess than 5%

3. STICKY PRI CES WTH OPTI MAL CHO CE OF QUANTI TI ES: THE PRODUCTI ON TO

ORDER CASE

In the above new Keynesi an nodel, there is a positive
rel ati onshi p between noney surprises and real output and Friednan's
k% rule is optinmal. | now exani ne these concl usi ons under the
assunption that the quantity supplied is optimal fromthe seller's
poi nt of view.

| start by focusing on the choice of quantities and assune that
the normalized price, p, is exogenously given and constant over tine
(this neans that the regular dollar price P, = pM responds with a
one period lag to changes in the noney supply). Since we do not allow
for a choice of price we do not need the differentiated commodities
structure. | therefore assune at this stage a single consunption good
and a risk neutral utility function: ¢ - v(L), where c is the
guantity consuned.

Figure 2 describes the sequence of events. The noney supply
transfer is realized after the price (P, = pM) is exogenously set.
Then sellers receive orders and choose whether to satisfy sone or al

of the orders they receive.
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sellers ,
, production
receiwve \
choice
X orders

B
I | I |
| | | |

Fi gure 2

As before the typical buyer receives a transfer paynent of x
normal i zed dollars, where B- 1 <Xx <oois an i.i.d randomvariable
with a density function @(x).

In equilibrium the typical seller receives an order of 1 + x
normal i zed dollars. The revenue of the representative seller is
therefore min(pL, 1 + x) nornalized dollars if he chooses to produce
L units.

Buyers arrive sequentially in an order that is deternined
randomy by an i.i.d lottery. Buyers who arrive late may not be able
to buy. The probability that the buyer will nake a buy depends on the
realization x and is denoted by M(x). The household takes p and the
probability M(x) as given and solves the followi ng Bellman's

equati on:

o0

(17) V(m p) :IB-l A(x)[(m + x)/p] @(x) dx
+ ﬁi—l {max, - v(L)
+ N(xX)BV[m n(pL, 1 + x)/ (1 + x); p]

+[1- N)]IBVI(m+ x + mn(pL, 1+ x))/(1 + x); p]}e(x)dx.
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The first rowis the expected consunption for a househol d that
starts with mnormalized dollars. Then we have the expected val ue of
the | abor choices that are nade after observing the realization of x.

The constant marginal utility of noney, V', is:

(18) V* = Icg_l {NC)/p +[1 - NX)]BV /(1 + x)re(x)dx = Wp(l - of),

where Tt = fg’_l N(x) @ x)dx and o = on_l 1 - M(x)]/(1 + x)}ax)dx.
To derive (18) note that an additional unit of noney will yield
1/p utils if it buys in the current period. If it does not buy it

will be carried to the next period yielding BV /(1 + x) utils

Since the utility function is linear in consunption, there is no
wealth effect (V' is a constant) and we can wite the | abor supply

choi ce problem (for a given x) as:
nmex, - v(L) + BV[min(pL, 1 + x)/(1 + x)]. The first order conditions

for this problem are:
(19) pL £ 1 + x ;
(20) v' (L) <pBV/(1 +x) =AN(1 +x) with equality when pL <1 + x,

where A = B (1 - of3) and (18) is used to substitute for V.

Condition (19) says that it is not optinal to produce nore than
the quantity denmanded. Condition (20) says that the margi nal cost
nmust be | ess than the marginal benefit fromselling the good and nust

equal to it when there is excess denand
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Equilibriumfor a given nornalized price pis a pair of
functions [L(x), M(x)] such that:
(a) Gven M(x), the first order conditions (19) and (20) are
satisfied;

(b) M(x) = mn{l, pL(x)/(1 + x)}.

The requirenent (b) says that in case of excess denand, the

probability of naking a buy is equal to the ratio of noninal supply

to noni nal demand.

Solving for equilibrium

We guess a cut-off point ¢ such that NM(x) =1 if x < and
pL(x)/ (1 + x) otherwise. (Wen x < { there is excess denand and when
X > there is excess supply). To solve for C we start by treating A
as a constant and define the notional supply
S(x; A) by the solution to: v' (L) = A/ (1 + X).

The notional supply S(x; A) is a decreasing function of x as in
Figure 3. The intuition is that when x increases, the relevant rea
price Pt/Pt+1 = pM/pM (1 + x) = 1/(1 + x), decreases. The denmand is
the upward sloping line (1 + x)/p in Figure 3. Supply equal s denmand

when x = (.
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1+x%

| Sx)

Figure 3

The actual anmpbunt traded is the mi ni nrum between supply and

demand:

(21) L(x; A =mn{S(x; A, (1 + x)/p}.

Note that L(x; A = (1 + x)/p when x < { and L(x; A = S(x; A when

X > (. It therefore has a "tent |ike shape" as in Figure 4.

—~ Lix)

Fi gure 4

The cutoff point { is defined by the solution to:
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1+ =pL(Y. Uing v'(L) =L and (21) this | eads to:

( = (pA)O'5 - 1. The probability of making a buy is given by:

(22) A p) = Prob(x <) + IZO [PL(X) 7 (1 + x)T@(x) dx

[ee]

= prob[x < (pA®° - 1] + fpn 5.1 PA(1 + x) 21 o x) dx.

We now conput e:
(23) o(A p) = IE_l {{1 - N1/ (1 + x)}e(x)dx

= 7 W1+ 1=pL(x) (1 + %) *T @) dx

= Jpm 5.1 1+ T =pA(L + ) 7T o(x) dx.

We now | ook for a solution to the follow ng equation:

(24) A=Br(A p)/[1- o(A p)Bl = B/p.

The inequality is required to insure that
( = (pA)O'5 - 1=pB- 1. In the Appendix it is shown that a solution
to (24) exists if pis not too snall

Addi ng the choice of price to the analysis turns out to be
rather conplicated. This is done in Appendi x B under the assunption
that buyers maximze a Dixit-Stiglitz CES utility function. Unlike
the case in section 2 a single price equilibriummy not exist. But
the qualitative result about the non-nonotonic |abor supply function

still holds.
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4. THE PRODUCTI ON TO MARKET CASE

| now consider the case in which producers do not receive
orders and the amount produced is sinply put on the market. In this
case, typically only sonme of the output produced is sold and noney
surprises affect capacity utilization.l It is shown that the change
in the assunption about selling leads to a qualitatively different
equi li brium | abor supply function. But the policy inplications are

the sane as in the previous two nodels.

4.1 THE CHO CE OF QUANTI TIES WHEN THE PRI CE | S EXOGENOUSLY G VEN

As in the previous section | start by assuning that the
normal i zed price, p, is exogenously given. After observing the
realization of the noney supply (x) the seller chooses how nuch to
produce and put his output on the market for sale. Buyers arrive and
buy part or all of the available supply. Figure 5 describes the

sequence of events.

production
X choice

Trade

Figure 5

1 The nodel has sone features in common with the literature on
sequential trade (see, for exanple, Prescott [1975], Rotemnberg and
Summers [1990] and Eden [1990]). But unlike this literature, here
the assunption of price rigidity is critical and there is a single

price equilibriumrather than an equilibriumprice distribution
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As in the previous section buyers who arrive |ate nmay not nake
a buy and M(x) denotes the probability of making a buy. Al sellers
sell the same fraction, 0 < Q(x) < 1, of their output. The average
revenue received by the seller for a unit produced is therefore:
Wx) = pQ(x). The anmount of noney that the household will have at
t he begi nning of next period is: LWx)/(1 + x) if the buyer nade a
buy and [LWXx) + m+ x]/(1 + x) if the buyer did not nake a buy.

G ven the functions M(x), WXx) the Bell man equati on whi ch

descri bes the househol d's choice problemis:

[oe]

(25) Vm p) = Jg_; LM+ x)N(x)/p] e(x) dx

00

+IB-1 {max; - v(L) + [N(x)]BVILWX)/ (1 + x); p]

+[1 - NE)IBVI(m+ x + LWX))/ (1 + x); p]}e(x)dx.

Since the utility function is linear in consunption and V' is a

constant, we can wite the maxim zation problemin (25) as:

max, - v(L) + BV[LWX)/(1 + x)]. The first order condition for this

problemis:

(26) vi(L) = BIWX)/ (1 + x)]V = AQ(x)/(1 + x),

where the second equality uses V' = Br/p(l - of) = Alp and

Wx) = pQ(x).
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Equilibriumfor a given normalized price pis a vector of
functions [L(x), M(x), Q(x)] and a triplet

[ =fg qN)@x)dx, 0 = fg 4{[1 - NO)T/(1 + X)) dx,

A = Brv (1-of)] such that:

(a) v' (L) = AQ(X)/(1 + X)

(b)  M(x) = mn{l, pL(x)/(1 + x)} = probability of making a buy;

(c) Q(x) = mn{l, (1 + x)/pL(x)} = fraction of output sold.

Solving for equilibrium

As in the previous production to order case, the |abor supply
in the excess denmand region x = C is given by the solution, L(x), to
v'(L) =L =A(1+ x). The cutoff point C is given by the solution
to: 1 + ¢ = pL(. This leads to: C = (pA)O'5 - 1. In the excess
demand range Q(x) = 1. Wien x < { there is excess supply,

Q(x) = (1 + x)/pL(x) <1 and we can wite (26) as:

(27) v' (L) = AlpL for x £ C.

The solution to (27) does not depend on x and is given by:

L= (A/p)o's. The intuition is as follows. An increase in x has two
effects on the wage in terns of next period s nornalized dollars: The
increase in the fraction of output sold, Q(x) = (1 + x)/pL, and the
reduction in the value of a current nornalized dollar. These two

ef fects exactly offset each other and therefore the effective wage in
terns of next period's normalized dollars, Wx)/(1 + x) = 1/L does
not depend on x. Figure 6 illustrates the equilibriumlabor supply

function.
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Lix=)

Fi gure 6

We now turn to a nonopolistic conpetition environment in which

p is a choice variable.

4.2 MONOPCLI STI C COVPETI TI ON W TH RANDOM UTI LI TY MAXI M ZI NG

CONSUMERS

| use McFadden's randomutility maxi m zation f ramewor k. 1 Buyers
cone to the nmarket observe all remaining price offers and choose a
single offer. They may choose a rel atively expensive offer by
"m stake". This m stakes may refl ect unobserved attributes of the
goods such as location. As a result of these mistakes a unit may be
sold even if its price is higher than the price of other units.

VWhen s units are available, the probability of choosing unit
is: Prob(i) :w./zjszlw. wher e,

| ]’

(28) w = exp[a(P/p;)],

1 For surveys of this approach see McFadden (2000) and Manski (2000).
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o >0 is a paraneter, p; is the price of unit i and P is the average
price of all offers (units).
Units are sold sequentially. The first unit is sold in the
first round or market. Then a second unit is sold in the second
mar ket and so on. W now conpute the probability of selling unit i at
the price P; when there are s-1 other units offered at the price p
The average price when there are s - 1 units offered at the

price p and one unit offered at the price P; is:

(29) P(p;, P, s) =[(s - L)p + p;l/s.

To sinmplify notation, I wite P(s) instead of P(pi, p, s) to denote

this average. The probability of selling unit i in the first narket
is:

_ s
(30) (P, P, S) = W/E_g W

= exp[aP(s)/p;]/{(s-1)exp[aP(s)/p] + exp[aP(s)/p;]}.

If the unit was not sold in the first market it nmay be sold in the
second market. Since s - 1 units are offered in the second narket,

the probability that the unit will be sold in the second narket is

s-1
(31) W, = (1 - ool)wi/Zj:1 WJ =

(1 - ml)exp[aP(s-l)/pi] I {(s-2)exp[aP(s-1)/p] + exp[aP(s-l)/pi]}.

Simlarly, the probability that the unit will be sold in the

third market is:
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w3 = (1-w) (1-w,)exp[aP(s-2)/pj]/
{(s-3)exp[aP(s-2)/p] + exp[aP(s-2)/p;]}.

Letting wp = 0, we can wite the probability that the unit
will be sold in the jth narket as:

(32) Qﬁ = [HL;é(l - (ﬂ& ]exp[aP(s-j+1)/pi]/

{(s-j)exp[aP(s-j+1)/p] + exp[aP(s-j+1)/p;]}.

In equilibrium the nunber of units on the nmarket is
s(x) = L(x). The nunber of units denanded is: (1 + x)/p. The nunber
of rounds is the m ni rum between supply and denand:
S=Mn{(1 + x)/p, s(x)} rounds. The probability of selling a unit in
excess supply situations, when S = (1 + xX)/p < s(x), is:
S

(33) m(pi, p, s) = Zj =1 wj

s j-1 .
=37 [M_5(1 - o) JexplaP(s-j+1)/p;]/

{(s-j)exp[aP(s-j+1)/p] + exp[aP(s-j+1)/p;]}.

In excess demand situations when S = s(x), the probability of
selling the unit is 1 because if the unit was not sold in the first
s-1 rounds it will be sold in round s when it is the only unit on the

market. The probability of making a sale is therefore:

(34) Qfp,, p, s(x), xI =a[p, p, s(X)]

when s(x) > (1 + x)/p and 1 otherw se
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It is assuned that the household may put a different price tag
on each unit and comit to sell the first unit at the price Py t he
second unit at the price P, and so on. The househol d takes the price
posted by others (p), the supply schedule (s[x]), the probability of
maki ng a sal e, Q[pi, p, s(x), x], and the probability of making a

buy, M(x), as given and solve the follow ng Bell man's equati on:

(35) VIm p, s(*)] = Ig_l [A(x) (m+ x)/p] @(x)dx +

+ maxpl b, - jB_l {rraxL - v(L)

) BEE 100, Py S(X), XIp /(1 +X)5 b, S(+))
+ [L-NOOTBVIme + 5 _100p; . b s(X), xIp, 1/ (145 P, S(+)}}a(x) dx

W now define equilibriumas foll ows.
Equilibriumis a scalar (p) and a vector of functions
[O(e), Q(es, *, *, *), L(*)] such that:
(a) MN(x) = mMn{l, pL(x)/(1 + x)} = probability of making a buy;
(b) The probability of naking a sale, Q(e, e+, =<, ), is conputed
according to (29) - (34);
(c) Gven p, s(x) = L(x) and Q(e, p, L(x), x], pj =P and L(x) is a

solution to (35).

W al ready solved for the equilibrium magnitudes as a function

of p. W now turn to solve for the equilibriumlevel of p.
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We consider the choice of the price of unit i when all other
units are priced at p. The expected next period consunption that the

seller can get if he sells unit i at the price pj is:

fpo1 [Q(p;, P 0P /(1 + )] e(x)dx, where
Q(pi, p, X) = Q[pi, p, s(x), x] is used for convenience. The seller

wi Il therefore choose the price of unit i by solving:

(36) mixpi IE)_l [QCp;, P, X)p /(1 + X)]@(x)dx.

The first order condition for this problemis:

(37) IE’_l [Q,Cp;s Py X)p; + Q(p;y Py X1/ (1 + x)J@(x)dx = 0.

In equilibriumthis first order condition can be witten as:

00

(38) Ap) = g1 ~ (P, P, X)pdx =

a(p) = Ig_l {mn[1l, (1+x)/pL(x)]/(1 + x)}e(x)dx
Caim There exists a solution to (38).
Proof is under construction

Concl usi ons:

W rel axed the demand satisfying assunption made in the new
Keynesian literature and found that the noney/output relationship is

not robust to changes in this assunption. Wien x is small it is
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optinmal to satisfy demand but when x is large it is not. In the range
when it is not optinmal to satisfy demand nore noney neans a | ower
real wage and therefore |leads to | ess real output.

Wien x is snall, nore noney may have no effect on | abor supply.
This occurs in the production to narket case. In this case nore noney
nmeans that a larger fraction of output produced will be sold but the
real price at which it is sold is reduced because of the expected
inflation in the next period. The two effects on the relevant rea
wage exactly cancel each other and therefore there is no effect of
noney on enploynent in this range.

But even in the production to market case noney is not neutral
It affects the fraction of output sold (capacity utilization). If we
nmeasure out put only by the anpbunt sold (as is the case in the service
sector) we will find a positive effect of nbney on output in the
range x < ¢ and a positive effect of noney on productivity in this
range. But the correl ation between noney and out put nmay be | ow
because of the negative relationship between production and noney in
the x > C range.

The | abor supply function is different across the three nodels
studied. It is an increasing function of x when sellers are comitted
to satisfy demand (in the new Keynesian nodel). It has a "tent |ike
shape" in the production to order case and it is weakly declining in
t he production to market case. However variations in x are harnful in

all three npdel s.
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APPENDI X A

Caim if p> (1 + p)/{Prob[x < 0] +IB° [/ (1 + x)2](p(x)dx}, t hen
there exists a solution to (24).

To show this claimwe wite (24) as

(AL) F(A) = B(A p)/Al1l - oA p)pl = 1.

W will showthat F(A) > 1 for A= 1/p and F(A) <1 for large
A. Therefore continuity inplies the existence of a solution A(p) to
(A1).

We start by showing that F(1/p) > 1. Wen A = 1/p,

2= (pA%° - 1 =0 Using (22) and (23) this inplies:

(A2) m(1/p, p) = Prob[x < 0] + fg [1/ (1 + x)2] ¢(x)dx;
(A3) o(1/p, p) =IB° [(1+x)"1-(1 + x)-3] @(x) dx.
Substituting (A2) - (A3) in (Al) |eads to:

(A4) F(1/p) = B{Prob[x < 0] + Iz)o [1/(1 + X)2](p(x)dx}/

{1-BJy (1+x) L@x)dx +B [5 (1 + x)"3]@(x)dx}(1/p).

We now observe that F(1/p) > 1 if:

( A5) p>{1-BJy (1+x) " Lqx)dx +B [y (1 + x) 3 @(x)dx}/

B{Prob[x < 0] + jgo [/ (1 + x)2](p(x)dx}.

The assunption
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p>(1+ p)/{Prob[x < 0] + j(g [/ (1 + x)2]cp(x)dx} guar ant ees the
i nequality (A5).
We have thus shown that F(1/p) > 1. W now show that F(A) < 1

for large A For this purpose we note that (23) inplies:

(A6) (A = Jipa 95 1 [(1+x)"1=pA(L1 + x)~3] g(x) dx

< ;g_l [(1+x)-1] @(x)dx < 1/B.

Therefore, 1 - o(A p)B > 0 and is bounded away from zero. Since
Br(A p) <1, it follows that F(A) = B(A p)/A 1l - oA p)B] is
small when A is |arge.

We have thus shown that when p is not too small, F(1/p) > 1 and
F(A) <1 for large A Therefore by continuity there exists a

solution to F(A) = 1. D
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APPENDI X B: MONCPOLI STI C COVPETI TION W TH DI XI T- STI GLI TZ CONSUMERS

We adopt the Dixit-Stiglitz franework in section 2 and assune a
| arge nunber of Ninfinitely Iived househol ds each producing a
di fferentiated good and consuming all goods. The household's utility
function is: [3 (yj)V]l’V- v, (L), where 0 <y < 1. To sinplify the
anal ysis | assune that sone sellers can costlessly produce and
t herefore al ways satisfy denand. Househol ds are indexed
i =1-A ...,N It is assunmed that v,(L) =0 for i <1 and
vi (L) = (1/2)L2 for i = 1. Thus, A households can costlessly produce
and N - A househol ds produce at a cost.

Seller i chooses a price, p;, and a |abor supply function
Li(x). For i =21 this choice inplies a cut off point (;, where denand
is fully satisfied at the range x < {; and rationing occurs when
X > Zi. | assunme that |ow index sellers set a low price and a
relatively low cut-off point: p; < P and ¢ < Zj for
i <j. It will be shown that in equilibriumsellers who set a
relatively low price will also have a relatively |ow cut-off point.

Buyers' (orders) arrive sequentially. Buyers find all goods
when x < {;. Wen {; < x < ZZ buyers who arrive early find all goods
but buyers who arrive late find only N- 1 goods (they do not find
good 1). Wen {, < x < {5 buyers who arrive early find all N goods.
Those who arrive second find N - 1 goods and those who arrive | ast
find only N - 2 goods.

Fromthe buyer's point of viewthere are N- A + 1 possible
characterizations of the availability of goods, indexed
i =1,...,N+1. W refer to these characterizati ons as market
conditions. In market condition 1 all goods are available. In market

condition 2 only goods indexed j # 1 are available. And in general
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in market condition 1 < s < Nonly goods indexed j <0 and j = s are
avai l able. In market condition N+ 1 only goods indexed j < 0 are
avai | abl e.

A buyer who chooses to spend d nornalized dollars in market

condition s sol ves:

(BL) F(d, s) = nmax [ZO

y N iUy
yj j=1-}\ (yj) +zj:5 (yj) ]

0 N _
s.t. X 12 pjyj + Zj:s pjyj = d.

j:
Here F(d, s) is the expected current utility when the buyer arrives
0
in market conditions. Let zg = 1/[% _ (p )0+ N (0 )Y where
j=1-A j ] =s}T]
as before 8 = 1/(y - 1) < 0 denote the appropriate deflator for this
case. The buyer's demand in market condition s can be derived in a

way which is simlar to (7) in the text and is given by:

(B2) z4(p;) %d(x, s),

where d(x, s) is the anmount that the buyer will spend in nmarket
condi tion s.

We now turn to conmpute the fraction of buyers who will be in
market condition s, m(x, s). Wen x < {; all buyers find all goods
and n(x, 1) =1 (n(x, s) =0 for s >1). Wien x > {; only a fraction
(X, 1) = pyLy(x)/Nd(x, 1)zl(p1)e of the buyers find all goods.

Simlarly, the fraction of buyers in market condition 2 (when

N - 1 goods are available) is:
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(B3) x, 2) =1- n(x, 1) if x < {y;

(X, 2) = poLo(X)/Dy(Xx) - m(x, 1) if x >y,

where D,(x) = N{m(x, 1)d(x, 1)zl(p2)e +[1 - m(x, 1)]d(x, 2)22(p2)9}
is the total demand for good 2. (This is the anpunt that will be sold
of good 2 if there was no rationing of goods indexed j = 2). This
says that when x < {; all buyers find all N goods and therefore the
probability of finding only N - 1 goods is zero. Wen {; <X <, a
fraction m(x, 1) of the buyers finds all goods and the rest will find
N - 1 goods, because at this range of x only good 1 is rationed. \Wen
X > {, only a fraction p,L,(x)/D,(x) of the demand for good 2 will be
satisfied. Thus a fraction p,L,(x)/Dy(x) of the population will find
either all N goods or NN1 goods. To arrive at the fraction that finds
N - 1 goods we need to subtract the fraction of the popul ation that
finds all N goods (m(x, 1)).

In general, for s < N we have:

(B4) nx, s) =1 - zf;ll mx, j)  if x <

X, ) = pglg(X)/Dy(xX) - zjs'zll mx, j) i x>

wher e,

D(x) = N1y m(x, D)d(x, 1)Z;(p9)® + N1 - 53 m(x, )Id(x, $)zg(pg)°

is the demand for product s when goods indexed 1 <j < s are
rati oned and goods indexed j = s are not rationed. The fraction of
buyers who are in market condition s = N+ 1 is defined by:
nx, N1 = 1- I ).
We now turn to the seller's choice. The dermand for seller's

product is given by:
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(B5) (p;) %2(x),

where z(x) = hEEZiT(x, s) d(x, s)zS
It is assuned that a is large and therefore we nmay negl ect the
i ndi vidual seller's effect on z(x). Note however that the fraction
o/ N may be snall.
At the tine |abor choices are made, seller i takes p; and z(x)

as given and choose |abor L;(x) under the constraint that he does not

produce nore than the quantity denanded:

(B6) L (x) < (p;)%2(x).

The househol d takes z(x) as given and solves the follow ng

Bel | man' s equati on:

(B7) V(m = max fpoq {maxg | SN (x, s){F(d, s)
|

- V(L) + BV[(m+ x - d+ p L)/ (1 + x)]

s.t. d £m+ x and (30)}}@(x)dx

| now define equilibriumas follows.
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Equilibriumis a vector of functions
[d(x, s), m(x, s), Lj(x), z(x)] and a vector of scalars (p;, ) such
t hat
(a) pj < Pj4q and § < Gy
(b) m(x, s) is calculated by (A4) and z(x) = szlzln(x, s) d(x, s)zs;
(c) Gven z(x), [p;j, ¢, Lj(x), d(x, s)] is a solution to (A7) for

m= 1.

daim1l: Wen x > ¢ and the constraint (B6) is not binding L;(x) is

a decreasing function.

This follows fromthe first order condition:

(B8) Vi(L) =L =BVp/(1l+x).
We can now solve for the cut-off point.

daim2: If p; is a solution to (B7) then:

(B9) pi = [2(g) (2+g)/pv Y (29

To show this claimnote that at the cut-off point {; demand is

(pi)ez(Zi)) and the first order condition (B8) is

satisfied (L

satisfied (L BV p;/(1 + ¢)). (Thus, at this point constraint (B6)
is not binding and the seller satisfies demand willingly). This |eads
tor z(¢;)(1+¢) = B\/(pi)l'e which leads to (B9).

Note that equilibriumcondition (a) requires that a choice of a

relatively high price is associated with a relatively high cut-off

point. Since V' is a constant condition (a) will be satisfied if z(x)
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is a non-decreasing function. | now show that this is the case when

d(x, s) =1 + x and the liquidity constraint is always binding.
Caim3: z(x) is a non-decreasing function.

Proof: W start by noting that

0 . . . .
zg = 1/[2j :1_)\(pj)1+e + Z}\lzs(pj)“e] is an increasing function of s. W

now defi ne:
(Blo) ZS(X) = {stle[(X, J)ZJ + [1 - ZJS::L T[(X| j)]zs+1}
= 25 1(x) + [1 - zjszln(x, I1(2geq - 2g)-

N+1 .
Note that z(x) = N(1 + x)Zs=1 i X, s)zS = N1+ x)zNx). It is
t herefore enough to show that zS(x) is an increasing function for all

X. We show this by induction. We start from
(B11) z1(x) = n(x, Dzy +[1- n(x, 1)]z,.

An increase in x fromx < {; to x > {; lowers m(x, 1) from
unity to m(x, 1) = pqLi(X)/N(1 + x)zl(pl)e. In the range x > {4, L(X)
is a decreasing function and therefore m(x, 1) is a decreasing
function. Since z, <z, it follows that (B1l1l) is an increasing

function. | now turn to show that

(B12)  z2(x) = m(x, 1)z1 + T X, 2)22 +[1 - m(x, 1) - 71X, 2)]z3

=210 +[1- mx, 1) - ®x, 2)](zg - )
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is increasing in x. | start by showing that the summ(x, 1) + 1(Xx, 2)
is weakly decreasing in x. Using (B3) we see that when x < {; this
sumis unity. Wen x > {,, T(X, 2) + T(X, 1) = p,L,(X)/Dy(X), where
Dy(x) = N1 + X){1(x, 1)z;(pp)° + [1 - T(x, 1)]zx(pp) . Since

m(x, 1) is decreasing and z, <z, D,(x) is an increasing function
Since L,(x) is a decreasing function it follows that

(X, 2) + mx, 1) = pyly(x)/Dy(x) is a decreasing function

Since z(x) and 1 - m(x, 1) - T(x, 2) are increasing functions
and z, < zg, (B12) is an increasing function.

In general we assune that zS-1(x) is an increasing function
and show that (B10) is an increasing function. For this purpose, we
use (B4) to show that Z?zlrmx, j) is a weakly increasing function
Wen x < (g, Z?zl n(x, j) = 1. Wen x > (g
Zle (X, j) = pglg(X)/Dg(x). Caiml inplies that Ly(x) is a
decreasing function. The maintai ned assunption that zS-1(x) is an

i ncreasing function inplies that

-1 . 1 .
Dy(x) = N1+ ) (pg) AFy mx, 1)z; +[1- g (x §)]zg)
= N1 + x)(ps)ezs'l(x) is an increasing function. It follows that

Zle (X, j) = pglg(X)/Dg(x) is a decreasing function and since

Zg4q - Zg > 0, (B12) is an increasing function
N+1
It follows that: z(x) = N1 + x)Zszlrﬁx, s)zS = N(1 + x)zN(x)
is an increasing function. [:]

The individual seller's (i = 1) |abor supply is
L, (x) = (pi)ez(x) inthe range x < {;. Caim3 inplies that L;(x) is
increasing in this range. Wen x > ¢ the individual |abor supply is
gi ven by the decreasing function (B8). The individual |abor supply

may therefore look like the function L(x) in Figure B1.
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Li=)

Fi gure Bl

An equilibriumin which all sellers choose the sane price
(pj = p for all i = 1) may not exist. It is therefore possible that
to get the aggregate |abor supply we will have to add sellers with
different prices and cut-off points. The qualitative shape of the

aggregate | abor supply function will renmain as in Figure Bl.
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